EXPLICIT ON GENUS-3 CURVES, II

NILS BRUIN (WITH FLYNN, POONEN, STOLL)

Let C be " w7277 — 9?22 — 22* = 0. This has points

po: (—1:1:1)
pr:(1:=1:1)
pa: (1:1:-1)
ps: (25 —17:31)

pa: {2* + 222y + 2 =0}

ps: {327 +2y* — 3yz — 22 =0
3vy + 2y +3yz+ 22 =0
vz — 5yt +3yz — 22 =0
5y — Pz + 4y2® + 20 = 0}

Define
g1 = [pz - po]
g2 = [P4 - 2]90]
g3 := [p5 — 3po).

In terms of these, we have
[p1 — po] := 391 + 292 — 293
[p2 — o] == o1
[p3 — po := 29s.
Theorem 0.1. Subject to GRH, (g1, g2, g3) has finite odd index in Jo(Q) ~ Z3.

Strategy:

almost 2J(Q) —— J(Q) —— L%?QW

o

almost 2J(Q,) — J(Q,) — Lx2Qx

where L, := L ® Q,.
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Here the group % is a substitute for H'(Q, J[2]). We may impose the conditions that

cohomology classes are unramified outside a finite set S to replace LL—XXQ by a finite subgroup
L(2,5) essentially generated by S-units:

almost 2J(Q) —— J(Q) —— L%’XS)
l Lx
almost 2J(Q,) — J(Q,) — szl()@x

We compute the image of J(Q,) — % for each p € S.
In the example, S = {00, 2,5,402613}.

1. DESCRIPTION OF L

The genus-3 curve is in P? with coordinates z,y,z. In the dual projective space P? with
coordinates u, v, w, the set of bitangents corresponds to a reduced 0-dimensional subscheme
of degree 28. Project this to a line, to get Spec L, where L = Q[t]/(g(t)) where ¢(t) is a
polynomial of degree 28.

The general bitangent is given by

Ao Upx + vey + wyz = 0.
The map

LX
J(Q) — Q<

anP — H(u@x(P) + vpy(P) + wyz(P))"".

2. IDENTIFICATION OF THE IMAGE OF (GGALOIS

Identify Gal(g(t)) as a subgroup of Spg(F2) C Gag up to conjugacy. GAP or Magma can
list the conjugacy classes of subgroups of Spy(Fs), and the orbit lengths of the elements.
For the example at hand, we find Gal(g(t)) = Spg(F2); this is as hard as it gets.

3. CASSELS KERNEL

0 —=J2J(Q) — R5;(Q) — R3(Q) — H'(Q, J[2]) — H'(Q, Ry;)

| |

J(Q) Lx
2J(Q) Lx2Qx
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The construction of Rog = (Z/27)° is straightforward. There is a unique Ry; in Ryg, and

a unique Roy in Rpg. View J[2] as Ray/Ra1. Magma shows that J[2](Q), Ry,(Q), RY,(Q) are
all 0. Therefore

J@ I
2J(Q)  L=*Q*

is injective.
When we projected, we were working over Q, but to get the ring of integers of L, we
should use possibly more than one projection over Z.

4. COMPUTING L(2,S)

This requires C1(Op,), and GRH is required to verify this computation. In our example,
Cl(Oy) is trivial (assuming GRH).

5. LOCAL COMPUTATION
We have

#1(Q,) _ #712(Q)
2J(Qy) 213
For p = 2, we have

L®Qy=0Q® Q& (deg 2) & (deg 8) & (deg 16).

One finds
dim J[2](Qs) =1
dim Ry (Qz) =4
dim Ry, (Qy) = 3.
Thus there is no Cassels kernel. Also, by the formula above,
dim 2‘2%2)) 1 (=3)—4.

To find enough generators of 2‘{](%2)), we intersect C' with random lines ¢ and hope that C.¢
decomposes over Q.
For p = 5, we find

dim J[2)(Qs) = 1
dim Ry, (Qs) = 4
We find
. J(Q)

This completes the proof that J(Q) has rank 3.
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Remark 5.1. We did not need the information from the prime 402613, which is lucky since
dim J[2](Q402613) = 2
dim Ry, (Quo2613) = 7
dim R¥1<Q402613) =0,

leaving the possibility of a nontrivial Cassels kernel.



