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Abstract

We describe twoO(n2+ε) algorithm for the generation of integer Heronian triangles with
diameter at mostn.
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1 Introduction

The greek mathematician Heron of Alexandria (c. 10 A.D. - c. 75 A.D.) was prob-
ably the first who proved a relation between the side lengthsa, b, andc and the area
A of a triangle,

A =
√

s(s− a)(s− b)(s− c) wheres =
a + b + c

2
.

If the area and the side lengths are rational then it is called a Heronian triangle.
Triangles with integer sides and rational area where considered by the Indian math-
ematician Brahmagupta (598-668 A.D.) who gives the parametric solution

a =
p

q
h(i2 + j2)

b =
p

q
i(h2 + j2)

c =
p

q
(i + h)(ih− j2)
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for positive integersp, q, h, i, andj fulfilling ih > j2 andgcd(p, q) = gcd(h, i, j) =
1.

Much has been written [1,2,4,5,6,7] on the determination of those integral trian-
gles, but still less is known about the generation of integer Heronian triangles with
diametern = max(a, b, c). Our aim is to develop a fast algorithm for the generation
of the complet set of integer Heronian triangles with diametern.
In this context an extensive search on those triangles was made by Randall L. Rath-
bun. He simply checked the 7,818,928,282,738 integer triangles with diameter at
most217 and received5, 801, 746 primitive, i.e. those withgcd(a, b, c) = 1, integer
Heronian triangles with rational area.

2 A new parameterization

The obstacle for a computational use of Brahmagupta’s parametric solution is the
denominatorq. So we first prove a few lemmas onq.

Lemma 2.1 We can assume thatq = w1w2w3w4 with pairwise coprime integers
w1, w2, w3, w4 and

(w1, h) = w1 (w1, i) = w1 (w1, i
2 + j2) = 1 (w1, h

2 + j2) = 1
(w2, h) = w2 (w2, i) = 1 (w2, i

2 + j2) = 1 (w2, h
2 + j2) = w2

(w3, h) = 1 (w3, i) = w3 (w3, i
2 + j2) = w3 (w3, h

2 + j2) = 1
(w4, h) = 1 (w4, i) = 1 (w4, i

2 + j2) = w4 (w4, h
2 + j2) = w4

where(x, y) abbreviatesgcd(x, y).

Proof. Supposeq = q1q2

gcd(q1,q2)
with q1|h andq2|i2 + j2. Now we letr be a prime di-

visor ofgcd(q1, q2) =⇒ r|h, r|i2 + j2. With b = pi(h2+j2)
q

andgcd(p, q) = 1 we also
haver|i or r|h2 + j2. In the first case we haver|i2 + j2 =⇒ r|j2 =⇒ r|gcd(h, i, j)
=⇒ r = 1. In the second case we can user|h2 + j2 andr|h to concluder|j2. With
this andr|i2 + j2 we also getr|i2 and sor|gcd(h, i, j) = 1 =⇒ r = 1. So we know
gcd(q1, q2)=1.

Analog we getq = q3q4 with gcd(q3, q4) = 1, q3|i, andq4|h2 + j2.

Now we setq1 = w1w2, q2 = w3w4, q3 = w1w3, andq4 = w2w4. With gcd(q1, q2) =
gcd(q3, q4) = 1 we can conclude the 4 divisibility conditions for eachwi and that
thewi are pairwise coprime. ¤
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Lemma 2.2
w4|2(i + h) .

Proof. We considerai − bh = pih(i+h)(i−h)
q

and concludew4|(i − h)(i + h). Now
we consider a prime factorr with r|(i − h) and gcd(r, i + h) = 1. Because
r|w4|a, b, c we getr|(i2 + j2) + (h2 + j2) + 2(ih − j2) = (i + h)2, a contra-
diction togcd(r, i + h) = 1. The proof is completed bygcd(i + h, i− h)|2. ¤

Lemma 2.3
w4 ≤ 8n .

Proof. To prove the lemma we will showw4|8c. Fromw4|2(i + h) we conclude
w4|2(i2+j2)+2(h2+j2)−2(i+h2) = 4(j2−ih) and thusw4|2(i+h)4(ih−j2)

w4
= 8c.

¤

The next step is to find a parameterization of the set of solutions which is more
suitable for computational purposes. Therefore we set

w2 = st2

and
w3 = uv2

with squarefree integerss andu. Becausew2|h2 + j2, w2|h, w3|i2 + j2, w3|i, and
gcd(w2, w3) = 1 we havestuv|j. Thus we can set

h = αw1st
2,

i = βw1uv2,

j = γstuv

with integersα, β, andγ.
With this we can give the following parameterization of the set of integer Heronian
triangles.

a =
pαu[(βw1v)2 + (γst)2)]

w4

,

b =
pβs[(αw1t)

2 + (γuv)2]

w4

,

c =
p(βuv2 + αst2)(βαw2

1 − γ2su)

w4

.
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3 A first algorithm

In this section we will give an algorithm to generate all integer Heronian triangles
with diameter at mostn. The main idea is to run through all possible values fora
andw4 and then determine the possible parametersp, w1, s, t, u, v, α, β andγ.
Without loss of generality we can assume thata ≥ b and thusn ≤ 2a− 1. Then by
lemma 2.3 we havew4 ≤ 8n ≤ 16a.

Algorithm 3.1 (Generation of integer Heronian triangles I)
determine the prime factorization of all integers at most16n
determine the solutions ofz = x2 + y2 for all z ≤ 16n
for a from1 to n

for w4 from1 to 16a
run trough all quadruples(p, α, u, z) with pαuz=aw4

run trough all pairs(x, y) with x2 + y2 = z
run trough all triples(β,w1, v) with βw1v = x

run trough all triples(γ, s, t) with γst = y
calculate and outputa, b, c

In order to prove the running timeO(n2+ε) of the above algorithm we cite two
results from number theory.

Theorem 3.1 (317 [3]) For ε > 0 andn > n0(ε)

τ(n) < 2(1+ε) log n
log log n

whereτ(n) denotes the number of divisors ofn.

So for eachε > 0 and eachf ≤ 16n2 there are onlyO(nε) quadruples(f1, f2, f3, f4)
with f1f2f3f4 = f .

Theorem 3.2 The equationz = x2 +y2 has at most2 solutions in positive integers
for each primez. Each solution ofz = x2 + y2 can be derived of the solutions of
z̃ = x̃2 + ỹ2 for z̃|z by the composition formula

z = (a2 + b2)(c2 + d2) = (ac + bd)2 + (ad− bc)2 = (ac− bd)2 + (ad + bc)2

and
z = f 2(a2 + b2) .

Thus for eachε > 0 and eachz ≤ 16n2 there are onlyO(nε) integer solutions of
z = x2 + y2 so that for the above algorithm there exists an implementation with
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running timeO(n2+ε).

4 Further algorithms

For the derivation of a second algorithm for the determination of integer Heronian
triangles we consider

16A2 = (a + b + c)(a + b− c)(a− b + c)(−a + b + c) = (p− c)(p + c)(c2 − q2)

where we setp = a + b andq = a− b.

The idea is to run trough all possible values for16A2 and then determinea, b andc
by factoring16A2.

Algorithm 4.1 (Generation of integer Heronian triangles II)
determine the first primes at most3n
run through allm and its prime factorization with1 ≤ m = 4A2 ≤ 2n2

and with the greatest prime divisor at most3n
run trough allp− c, p + c, c2 − q2 with m2 = (p− c)(p + c)(c2 − q2)

determinea, b, andc
if a, b, andc are integers then outputa, b, andc

Due to Theorem 3.1 this algorithm can be implementated with running timeO(n2+ε).
For completeness we would also like to give the pseudo code of the algorithm men-
tioned in the introduction.

Algorithm 4.2 (Generation of integer Heronian triangles III)
for a from1 to n

for b from da+1
2
e to a

for c froma + 1− b to b
if (a + b + c)(a + b− c)(a− b + c)(−a + b + c) is the square of an integer
then outputa, b, andc

The running time of this algorithm isO(n3).

5 Conclusion

Now we would like to compare the practical running times of the described algo-
rithms.
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Table 1
Comparison of running times

n Algorithm 3.1 Algorithm 4.1 Algorithm 4.2

100 2.67 s 1.08 s 0.02 s

200 17.0 s 4.85 s 0.11 s

400 104 s 25.7 s 0.80 s

800 620 s 140 s 6.47 s

1600 3599 s 756 s 51.2 s

3200 20403 s 3987 s 403 s

If we extrapolate the running times then we can state that forn ≥ 80, 000 Algorithm
4.1 beats Algorithm 4.2. The advantage of Algorithm 3.1 is that on can deduce that
there are at mostO(n1+ε) integer Heronian triangles with diametern. Perhaps this
estimation and the complexity of Algorithm 3.1 can be lowered by refined number
theoretic conditions onw4.

Unfortunately we were not able to find estimations on the number of integer Hero-
nian triangles in the literature so that we can not give a lower bound for the com-
plexity of generating integer Heronian triangles.

References

[1] Ralph H. Buchholz and Randall L. Rathbun. Heron triangles and elliptic curves.Bull.
Aust. Math. Soc., 58(3):411–421, 1998.

[2] J.R. Carlson. Determination of Heronian triangles.Fibonacci Q., 8:499–506, 1970.

[3] G.H. Hardy and E.M. Wright.An introduction to the theory of numbers. 5th ed.Oxford
etc.: Oxford at the Clarendon Press. XVI, 426 p. , 1979.

[4] David J. Rusin. Rational triangles with equal area.New York J. Math., 4:1–15, 1998.

[5] K.R.S. Sastry. Heron triangles: A Gergonne-cevian-and-median perspective.Forum
Geom., 1:17–24, 2001.

[6] David Singmaster. Some corrections to Carlson’s ”Determination of Heronian
triangles”.Fibonacci Q., 11:157–158, 1973.

[7] Paul Yiu. Construction of indecomposable Heronian triangles.Rocky Mt. J. Math.,
28(3):1189–1202, 1998.

6


