UNFAKING THE FAKE SELMER GROUP

MICHAEL STOLL AND RONALD VAN LUIJK

ABSTRACT. For any abelian variety J over a global field k£ and an isogeny ¢: J — J, the Selmer
group Sel¢(J, k) is a subgroup of the Galois cohomological group H!(Gal(k®/k), J[¢]), defined
in terms of local data. When J is the Jacobian of a cyclic cover of P!, the Selmer group has
a quotient by a subgroup of order at most 2 that is isomorphic the fake Selmer group, whose
definition is more amenable to explicit computations. In this paper we define in the same setting
the unfake Selmer group, which is isomorphic to the Selmer group itself and just as amenable
to explicit computations as the fake Selmer group.

1. INTRODUCTION

Let k be a field and k° a separable closure of k with Galois group Gy, = Gal(k®/k). Let C be a
smooth projective curve over k with Jacobian J. Let ¢ be a separable isogeny of J and J[¢| the
kernel of ¢: J(k®) — J(k®*). Taking Galois invariants of the short exact sequence

0= J[g] = J(k*) 2 J(k) =0

gives rise to a long exact sequence, which induces another short exact sequence

0 — J(k) /T (k) 22 HY(Gr, J[¢]) — H (G, J(k°))[6] = 0,

where H! (G}, J(k®))[¢] stands for the kernel of the induced map ¢, : H (G}, J (k%)) — HY(Gy, J(k®)).
If J(k) is finitely generated, which is the case if k is finitely generated as a field over its prime
subfield, and if ¢ is not an automorphism, then the size of the group J(k)/¢J (k) yields a bound on
the rank of the Mordell-Weil group J(k). As many methods of retrieving arithmetic information
about C, such as the Mordell-Weil sieve and Chabauty’s method, involve the rank of J(k), it is of
interest to be able to bound the size of J(k)/¢.J(k), or, equivalently, of its image in H* (G, J[¢)]).
Unfortunately, this group H!(Gy, J[¢]) is in general very large and hard to handle.

Now assume that k is a global field. For each place v of k, we write k, for the completion of
k at v. Then the local analogues of the map J(k)/¢J (k) — H* (G, J[¢]) for each place v can be
put together to give the following commutative diagram.

T(K) /6 (k) ——— HY(Gy, J[9))

| |

[T, J(kv)/¢J (k) — [T, B (Gal(k} /ky), J[¢])

By definition, the Selmer group Sel¢(J, k) consists of all elements of H' (G}, J[¢]) that map into
the image of the local map J(k,)/¢J(k,) — HY(Gal(kS /k,), J[¢]) for every v. Clearly Sel?(J, k)
contains the image of d4, and it can be shown that Sel‘ﬁ(J7 k) is an effectively computable finite
group, which already gives a bound on J(k)/¢.J (k). However, the description of Sel?(.J,k) as a
subgroup of H!(Gy, J[¢]) is not amenable to explicit computations.

In [2], Bjorn Poonen and Edward Schaefer consider curves C' with an affine model given by
yP = f(z), where f is p-power free and splits into linear factors over k°. They take the isogeny
to be ¢ =1 — ¢, where ¢ € u, acts on C as (z,y) — (2,Cy). From now on we restrict ourselves
to this situation as well. Note that for p = 2, the isogeny ¢ is multiplication by 2. After an
automorphism of the z-line, we may assume that the map to the z-line does not ramify at oo, so
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that the degree of f is divisible by p.! Let fy be a radical of f, i.e., a separable polynomial in
k[z] with the same roots in k® as f, and set L = k[T]/fo(T). We assume that every point in J(k)
can be represented by a k-rational divisor on C and that k contains a primitive p-th root of unity.
Poonen and Schaefer define a homomorphism (z —T): J(k) — L*/L*Pk* and show that it factors
as

(1) J(k) — J(k)/¢J (k) 225 Sel®(J, k) — L* /L*"k*.

We will define this map in Section 4. For p = 2 and a polynomial f of degree 4 with a rational
root, the curve C' is elliptic; the last map in the factorization is injective in this case and the map
(x —T) gives the usual 2-descent map on C. For p = 2 and deg f = 6, Cassels had also defined the
map (x —T), but it was Poonen and Schaefer that related it to the cohomological map J,4 through
the given factorization.

In general, already in Cassels’ case, the last map in the factorization need not be injective; its
kernel is trivial or isomorphic to p,. The image of Sel?(J, k) in L*/L*Pk* is called the fake Selmer
group Selgke(J, k), a quotient of the true Selmer group Sel‘z’(J7 k). This means that, although
the group L*/L*Pk* is easier to work with explicitly than Sel¢(J, k), information may get lost by
studying the image of J(k)/¢J (k) in the former group instead of the latter.

The aim of this paper is to replace the group L*/L*’k* by one that is equally easy to work
with and that admits an injection from Sel®(.J,k) into it, and thus also from .J(k)/¢J (k). The
description of such a group involves a “weighted norm map” N defined as follows. Let f(x) =
c[I; fi(x)™ be the factorization of f over k. For g € L* we set N(B) = [[; Normp, /x(53;)™,
where 3; is the image of 3 in the field L; = k[z]/ f;(z).

It turns out that the image of the last map Sel®(J, k) — L*/L*Pk* of the factorization (1) is
contained in the kernel of the map N: L*/L*Pk* — k*/k*P induced by the weighted norm map.
The new group consists of all elements of this kernel, together with some choice of p-th root of
their norm. More precisely, we will prove the following theorem.

Theorem 1.1. Let k be a global field containing a primitive p-th root of unity, and let C, J,
L and N be as in the discussion above. Assume that for each place v of k, the curve C has a
ky-rational divisor class of degree 1. Set T' = {(d,n) € L* x k*| N(6) = nP} and let x: L* - T
be given by x(e) = (eP,N(e)). Let v : k* — T be defined by z — (x,x%degf). Then there is a
homomorphism (v —T,y): J(k) = T'/x(L*)(k*) that factors as

J(k) = J(k)/oJ (k) e, Sel?(J, k) < T'/x(L*)u(k*)

and whose composition with map T /x(L*)e(k*) — L*/L*Pk* induced by the projection T' — L*
equals the map (v —T).

The map (x — T, y) will also be defined in Section 4. The isomorphic image of Sel?(J, k) in
T/x(L*)e(k*) is the unfaked fake Selmer group, or the unfake Selmer group Selfnfake(J, k).

Much of this paper is extracted from Poonen and Schaefer’s paper [2], including the weighted
norm map N. The new element brought in is the group I' of Theorem 1.1, which was first
introduced in [1].

In the next section we will introduce some notation, all following [2]. In Section 3 we identify
some cohomology groups with more explicit groups such as those mentioned in Theorem 1.1. In
Section 4 we define the maps (z —T') and (x — T, y), so that in the last section we can unfake the

fake Selmer group by proving Theorem 1.1.

2. NOTATION

Our setting will be the same as in [2]. Let p be a prime. Let k be a field of characteristic
not equal to p and let k° be a separable closure of k with Galois group Gy = Gal(k®/k). Assume
that k£ contains a primitive p-th root of unity. For any Gj-module A and any integer i > 0 we
abbreviate the cohomology group H?(Gy, A) by H(A). Let m: C — P! be a cyclic cover of P* over

LFor this to be true, k has to be sufficiently large. Later k will be a global field, and there will be no problem.
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k of degree p such that all branch points are in P!(k%) \ {oo}. By Kummer theory, the curve C
has a (possibly singular) model in A?(x,y) given by y? = f(x), where f € k[x] factors over k° as

f@) = e [T (e —w)

with 1 < a, < p for all w in the set 2 C k°® of roots of f, and where p divides the degree
degf = >, au of f. Set d = #Q. By the Riemann-Hurwitz formula the genus of C' equals
9(C) = (d—2)(p— 1)/2.

For any k-variety V, we write V® =V xy, k%, while (V') and «(V*®) denote the function fields
of V' and V®. Let Div C*® be the group of all divisors on C*. If f € k(C*)*, we denote the divisor
of f by div(f) € DivC®. We let PrincC® = {div(f) : f € k(C®)*} be the subgroup of principal
divisors. Set Pic C® = Div C*®/ Princ C®. Also set

Div C' = H(Div C®)
Princ C = H°(Princ C®),
PicC = Div C/ Princ C.

As in [2], we consider the divisor m = 7*00 € Div C, the sum of all p points above oo € P!. For any
function h in the function field k(C®) of C® we say that h is 1 modm if h(P) =1 for all points P
in the support of m (for a more general definition, see [2, section 2]). Let Div,, C® C Div C*® be the
group of all divisors with support disjoint from m, and let Princy, C® C Princ C® be the subgroup
of all principal divisors of functions that are 1 mod m. Set Picy,, C® = Divy,, C*/ Princ,,, C® and

Divy, C = H(Div,, C%)
Princy, C' = H°(Princ,, C®),
Picy C = Divy, C/ Princy, C.

Let Div® C® ¢ Div C* be the subgroup of divisors of degree 0 and let Div’ C, Pic?n C®, etc. be the
degree-zero parts of the corresponding groups. Let Div(?) C* C Div C* be the subgroup of divisors
of degree divisible by p and let Div(® C, Pic,(f) C®, etc. be the degree-divisible-by-p parts of the
corresponding groups. Let J and J, denote the Jacobian of C' and the generalized Jacobian of
the pair (C,m), respectively, so that J(k%) = Pic’ C* and Jy, (k) = Pic%, C®. We write J[p] and
Jm[p] for the kernel of multiplication-by-p, written as [p], on J(k%) and Jn(k®), respectively. We
use 1 in diagrams to denote the trivial group.

3. MAKING COHOMOLOGY GROUPS EXPLICIT

Pick any ¢q € k and define a radical fy = ¢o[],(z —w) € k[z] of f. Set L = k[X]/fo(X) and
L? = L ®; k*. We will denote the image of X in L and L® by T. By the Chinese Remainder
Theorem, the k°-linear maps p,,: L® — k%, T — w combine to an isomorphism

p= (pw)wEQ: L* — H ksv
weN

which restricts to the diagonal embedding on k* C L°. From now on, whenever w is used as
index, it ranges over all elements of 2. Note that the induced Galois action on [] k° is given by
acting on the indices as well, so by o((ay)w) = (a(ang))w. We often identify L® with [] &°
through p, thereby identifying T with the element (w),. For any commutative ring R, we let
tp(R) denote the kernel of the homomorphism R* — R*,x — zP. We abbreviate p,(k) = p, (k%)
by 1, and note that p induces an isomorphism p,(L*) — [] pp. Let the “weighted norm map”
N: L* =[], k° — k° be given by (B,). — [], A% . Since p divides ) a., the kernel of N
contains f,. The map N is Galois-equivariant, as for conjugate roots w,w’ € Q we have a,, = a,,
so it induces a map N: L — k. This map is the same as the norm map N that was defined in the
introduction. Let M denote the kernel of the induced map N: u,(L%) — p,. Then we obtain the
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following commutative diagram, in which the horizontal and vertical sequences are exact.

(2) 1 1
hp iy

1 M p(L%) —— 1, 1

1 M/ pip (L)t — iy —— 1
1 1

We will give a concrete description of the Galois cohomology groups H'(M) and H' (11, (L*)) and
their images in H'(M/u,) and H* (1, (L%)/pp). Let 8: L* x k* — k* be the homomorphism that
sends (6,n) to N(0)n~P and let 9° denote the corresponding map from L** x k** to k**. Set

I* =kerd® = {(d,n) € L** x k** | N(8) = n"}

and
['=HT®) =kerd = {(6,n) € L* x k* | N(6) = nP}.
We will write ¢ for the injection k%" — T'® given by z — (=, m%degf); it restricts to an injection

t: k* = I'. Let the map x: L®" — TI"® be given by ¢ — (e, N(g)). It is surjective, has kernel
M, and it restricts to a map x: L™ — I'. The long exact sequence associated to the short exact
sequence

(3) 1M=L 51551

contains the connecting map d,: I' — H!'(M), which sends (§,n) to the class of the cocycle
Gr > 0w o(e)/e € M for a fixed choice of ¢ € L¥* with x(¢) = (§,n). Similarly, the short exact
sequence

(4) 1= pp(L5) — L5 2250 1% 51
provides a connecting map d,: L* — H!(u,(L®)). The following proposition was proved partially
for p = 2 in [1, Proposition 2.6].

Proposition 3.1. The map 0, induces an isomorphism &, : T'/x(L*) — H' (M) and an isomor-
phism from T /x(L*)u(k*) to the image of HY (M) in H'(M/u,). The map &, induces an isomor-
phism &,: L* /L*? — H(u,(L®)) and an isomorphism from L* /L*Pk* to the image of H' (11, (L*))
in H(pp(L%)/pp). These maps fit in the commutative diagram

Hp H'(M) H' (1 (L%))
6)(
\ / /
I'/x(L*) l L*/L**
Hp Hl(M/Np) Hl(ﬂp(Ls)/ﬂp)
67(
L/x(L*)(k*) L* ) L*Pk*

where the back face consists of part of the long exact sequences associated to the horizontal sequences
in (2), the vertical maps in the front face are the obvious quotient-by-k* maps, the horizontal maps
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in the front face are induced by the projection map I' — L*, (§,n) — 4, and the remaining maps
from p, send ¢ € p, to the class of (1,¢).

Proof. The commutativity of the front and back face are obvious. The projection map I'® —
L#*, (6,n) — ¢ induces a map between the short exact sequences (3) and (4). Part of the associated
long exact sequences gives the following diagram.

X

é
L* r * > HY (M) —— HY(L**

A,

)
LF £ [ (1)) —— HY(L)

By a generalization of Hilbert’s Theorem 90 the group H!(L**) is trivial (see [3, Exercise X.1.2]).
The commutativity of the quadrilateral in the top face follows, as well as the fact that the maps ¢,
and ¢, in it are isomorphisms. Similarly, also using that H!(k**) vanishes by Hilbert’s Theorem 90,
the natural maps from the short exact sequence

(5) 1=y — k5 220 ks 51

to (3) and (4) yield long exact sequences that induce the following diagrams.

B —=— H (1) B ———=H (1)
L* /177 — = H (1 (7)) P/x(L7) — > H' (M)

The associated maps on cokernels of the vertical homomorphisms induce the claimed isomorphisms
from L*/L*Pk* to the image of H' (u,(L®)) in H' (u,(L®)/pp) and from T'/x(L*)e(k*) to the image
of HY(M) in H'(M/pu,). This also implies commutativity of the left and right faces of the cube
in the diagram. Commutativity of the quadrilateral in the bottom face follows immediately from
the commutativity of the other faces of the cube and the fact that the quotient map I'/x(L*) —
T'/x(L*)u(k*) is surjective. Finally, consider ¢ € u, and choose an ¢ € p1,(L%) with N(g) = ¢; this
is possible because we can take 1 in each component of 1, (L®) = [], k° except for one component,
say corresponding to w, where we choose an a,-th root of ¢, which exists because the greatest
common divisor (a,p) equals 1. Then the image of ¢ in H!(M) is represented by the cocycle
o + o(e)/e, which coincides with §,((1,¢)). It follows that also the triangular prism in the
diagram commutes. O

4. A NEW MAP

Let h be a rational function on C. Then we can extend evaluation of h on points not in the
support of div(h) multiplicatively to divisors whose support is disjoint from that of div(h) by
setting

hD)=][n@)" D=> npP.
P P

If K is a field extension of k that is a field of definition of h, then this defines a group homo-
morphism from the group of K-defined divisors with support disjoint from that of div(k) into the
multiplicative group of K.

In the following, we will frequently work with objects defined over L. There are (at least) two
ways of interpreting what these objects mean. We can either just think of them as L-defined
objects (functions, points, etc.), alllowing étale algebras over k instead of only field extensions.
Or else we remind ourselves that the elements of L correspond to Galois-equivariant maps from €
into £®; then a function defined over L can be considered as a Galois-equivariant map from 2 into
k(C®), etc. Sometimes, we use L® in place of L; then the corresponding maps from € need not
be Galois-equivariant. In this sense, p,(L®) denotes the set of maps 2 — u,, and M denotes the
subset of maps ¢ such that N(¢) =[], ¢((w)* = 1.
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For example, we let W = (T',0) € C(L) be a ‘generic Weierstrass point’ on C. In the second
interpretation, W corresponds to the map w +— (w,0) that gives all the Weierstrass points on C'
indexed by the roots of f. In this section, we will consider the function x — 7', which is an L-
defined rational function on C. In our second interpretation, we associate to each w € ) the
rational function x — w € k(C®). We have

div(z = T) =pW —m and div(y) =Tr W — %(deg fim,

where Tr W =3}  a,,(w,0) denotes the ‘trace’ of W, the additive analogue of the weighted norm N

A divisor on C® is called good if its support is disjoint from m = 7*o00 and the ramification points
of . This means that the support is disjoint from the supports of div(z — T') and div(y). Let
Div C® denote the group of good divisors on C®, and set Div, C = H%(Div C*). Every divisor
class in Pic C*® and Picy, C® is represented by a good divisor. Let Div(j_ Cs, Divg_ C, Div(f) C®, and
Div(f) C denote the obvious groups. By the introductory remarks of this section, the function
x — T defines homomorphisms

(x—=T): Div, C — L* and (x—T): Div, C° — L°".

We define the map
z-T)(D)

hw)
where D is a good divisor representing the class D, and where h € x(C®) is the unique function
that is 1modm and satisfies div(h) = pD. As before, h(W) can be interpreted as the map
w — h((w,0)) € k**. Note that a is well defined as for any representative D’ of D there is a
function g € x(C*®) that is 1modm with div(g) = D’ — D, so that div(¢gPh) = pD’; by Weil
reciprocity we have

(z -=T)(D") _ (x=T)(div(g) + D) _ g(div(z = T)) (z—-T)(D)

a: Julp] = L, D

(grh)yW) — g?(W)R(W)  — g(pW) h(W)
oW —m) @-T)(D) _ gpW)g(m)} (@ —T)(D) _ (z ~T)(D)
g(pW) h(W) g(pW) h(W) hw) ’

since g(m) = 1. We will see that « induces an isomorphism between M and the kernel of an
endomorphism of J;,, that we define now.
The group p, acts on C' and C*® by letting ¢ € p, act as (z,y) — (z,Cy). Linear extension gives
a Galois-equivariant action on Div C*® by the group ring Z[u,]. The element ¢ = ZCGMP ¢ € Zluy)
sends a point @ € C5(k®) to the divisor t(Q) = 7*(7Q), which is linearly equivalent to m. We
conclude that ¢ sends a divisor D € DivC® to a divisor linearly equivalent to (deg D)m, and
the subgroups Div’ C* and Div?11 C® to Princ C® and Princ,, C®, respectively. This implies that
the induced action of Z[u,| on J, on Jy, on Pic® C, and on Picg1 C factors through the quotient
Z[up)/t, which is isomorphic to the cyclotomic subring of k& generated by p,.
Fix, once and for all, a primitive p-th root of unity ¢ € p,, so that this cyclotomic ring is equal
to Z[¢]. Set
p—1
¢=1-¢ and Pp=-) il
i=1
and notice that ¢ = p. Note that this is slightly different from [2], where ¢ and v are defined
as elements of the group ring Z[u,|. Let Ju[@] and J[¢] denote the kernels of the action of ¢ on
Jm (k%) and J (k%) respectively.

Proposition 4.1. The homomorphism « is the composition of ¥: Ju[p] = Jm|P] and an isomor-
phism Jw[¢] — M that induces an isomorphism J[¢| — M/ p,.

Proof. This is extracted completely from [2]. Let J[p] denote the p-torsion of the group Picy, C®/(m’),
where m’ denotes the class of 7* P for any P € Al(k) C P!(k). By [2, section 7] there is a pairing

€p- Tulp) X Tulp] — Hp;
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defined for a pair (D1, D2) of classes, represented respectively by divisors Dy and Do with disjoint
support, to be

dldzw

(D D) = (1) 2L,

where for i = 1,2 we have d; = deg D;, while h; € x(C®) is the unique function such that z=%h;
is 1modm and div(h;) = pD; — d;m. Note that the group Ju[p] = Pic%(C®)[p] is a subgroup
of Julp]. By [2, section 6 & Proposition 7.1] there is an isomorphism e: Jy[¢] — M, such that
e(Y¥D) = e, (D, W) for all D € Jy[p]. Let the class D € Ju[p] be represented by a good divisor D,
automatically of degree d; = 0, and let h = 1 mod m be a function satisfying div(h) = pD. Note
that 71(x — T) is 1 mod m, so that we can take x — T as the function corresponding to W in the
definition of ej,. Therefore, we have

e(¥D) = ¢,(D, W) = (~1)°

which shows that « factors as claimed. For the fact that e induces an isomorphism J{¢] — M/ p,,
see [2, section 6]. O

As in [2], we denote the isomorphisms Jy[¢] — M and J[@] — M/, from Proposition 4.1 both
by e.
Next, we define the homomorphism
(v): DvP s = k%, S np(P) = v 2 ] w(P),
P P

where c is the leading coefficient of f as before. This map descends to a map (yy): Divﬁf)) C — k*.
The name (yy) comes from the fact that if we choose any p-th root v € k® of ¢~!, then the map

(7vy) is the restriction to Divﬁf’) C® of evaluation of vy on Div, C®. On Div(j_ C"® it is also induced
by evaluation of y. Therefore, when appropriate, we may refer to the map (vyy) as just y. We
remark that

(6) N@-T)=[[x-w)™ =c ' f@) =y = (y)".

w

Our main result gives a cohomological interpretation of the combined map
(z —T,~y): Div? C° — L% x k**.

To this end, let €, denote the maps on cohomology induced by both maps €. The short exact
sequences

1= Juld] = Juk®) S Ju() > 1 and 1= J[g] = J() D J(k) — 1

induce connecting maps Jiy (k) = H'(J[¢]) and J(k) — H'(J[¢]) that we both denote by d,.

Theorem 4.2. The map

(x = T,yy): DV € = L x &, D = ((x = T)(D), (v9)(D))
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induces natural homomorphisms Picd C — T/x(L*) and Pic® C — T'/x(L*)u(k*) making the
following diagram commutative.

o

Ton () H (J[9]) —= H' (M)
- .
Pic?, C =T T/x(L*)
J(k) & H (J[g]) o HY(M/ )
e A&
Pic’ O (e T7y) I/ x(L7)e(k*)

Proof. For any good divisor D =), np(P) of degree divisible by p we have, using (6),
N((z =T)(D)) = (N(z = T))(D) = (¢"'y*)(D) = (vy)(D)?,

so (z — T,~y) induces a homomorphism Divﬂf’) C — T'. Suppose D € Div(j_ C' is principal, say
D = div(h) for some h € x(C). Then by Weil reciprocity we have

(z —T)(D) = (z — T)(div(h)) = h(div(z — T)) = h(pW —m) = h(W)? - h(m)~!
and

. . “1de
(3)(D) = y(div(h)) = h(div(y)) = b (T W — L(deg f)m) = N(h(W)) - h(m) 5 &/
We therefore find
(z = T,7y)(D) = x(h(W)) - e(h(m) ™).

This is contained in x(L*)¢(k*) and if k is 1 mod m then in fact in x(L*). As every class in Pic’ C
and Picl, C is represented by a good divisor, we obtain the claimed homomorphisms and see that
the front face of the diagram commutes.

The commutativity of the right-side face follows from Proposition 3.1, while that of the back
and left-side faces is obvious. For the top face, take any D € Picg1 C, represented by a good
divisor D € Div C, and choose a class D’ € Pic), C° = J, (k%) with pD’ = D and a good
divisor D' € DivY C* representing D’. Then ¢(¢D’') = pD’ = D, so §4(D) is represented by the
cocycle that sends o € Gy to o(¥D’) — YD’ = ¢Y(o(D') — D’) and €,(64(D)) is represented by
o e((a(D') —D')). Let h be a function that is 1 mod m, satisfying

div(h) = pD' — D,

so that div(c(h)/h) = p(c(D’) — D’). Therefore, by Proposition 4.1, the class €,(d4(D)) is repre-
sented by the cocycle that sends o to

e W(o(D') ~ D) = alo(D) - D) = LN Z D) a(e)

((h)/R)(W) £’
for all o € Gy, with
_ (z=T)(D)
h(W)
We show that x(¢) = (eP,N(¢)) = (x — T,~vy)(D). In the first component, we have
p_ @=D)DY _(2-T)pD) _ @-T)dv(+D) _
ST AWy T hW) h(divz —T) + L(deg f)m) (z-T)(D)
by Weil reciprocity and the fact that A(m) = 1. In the second component, we similarly have
N ME=DW) wor  yeD)  ydvmD)

N(n(W)) W(Te W) h(div(y) + (deg f)m) — h(div(y) + 3(deg f)m)
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This implies that &, ((x — T, vy)(D)) is represented by the cocycle o +— o(g)/e as well, so the top
face of the diagram commutes indeed. Finally, commutativity of the bottom face of the diagram
follows from commutativity of the other faces and the fact that the map Picg1 C — Pic°C is
surjective. O

The diagrams of Proposition 3.1 and Theorem 4.2 combine to the following diagram.

(7) (k) —2 o WY (J[6]) = HY (M) ———= H (1, (7))

IR

I (k) ———— |~ H (J[¢]) = H (M /) — | —= HY (11 (L%) / 1)

Pic’ C - S

The two compositions of the horizontal maps in the front face of this diagram, indicated by dashed
arrows, are the (z —T') maps that play a big role in [2]. Indeed, if we replace the front face by the
diagram

. (z-T) e
Pic? C L*/L*?
Pic’ ¢ el L* L7k

then all information in this restricted diagram can already be found in [2].

Remark 4.3. As explained in [2, Section 10], the group Pic® C is the largest subgroup of J(k)
whose image under the map J(k) — H'(u,(L®)/ 1) is contained in the image of L*/L*Pk*. Sim-
ilarly, it is the largest subgroup whose image under J(k) — HY(J[@}]) is contained in the image of
L/x(L7)u(k").

5. UNFAKING THE FAKE SELMER GROUP

In this section, we make the additional assumption that k is a global field. For each place v
of k, we let k, denote the completion at v, with absolute Galois group G, = Gal(kS /k,); we set
L, =L ®k, and

T, ={(6,n) € L x k& | N(8) = nP}.

We also assume that for each place v of k, the curve C' has a k,-rational divisor class of degree
1. As mentioned in [2, Section 13|, this assumption is automatically satisfied when the genus
g(C) = (d—2)(p—1)/2 satisfies g(C) # 1 (mod p). It implies that the injection Pic® C' — J(k) is
an isomorphism (see [2, Propositions 3.2 & 3.3]). The bottom face of diagram (7) then yields the
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front face of the following diagram, where, as before, we have identified H*(J[¢]) with H(M/p,).

(x—T)
® b 0 ()= T, o (LK) I, L/ Lk
T 0T (K)o T (L) ( S
(5><)v

[, J(ko)/dJ (ko) — W IL, H' (Gy, J[9]) — | =11, Hl(va o (L°)/ 1)

Z

J(k)/ 9T (k) ——————H!(J[¢]) H (1 (L°) / 1)

For each map in this front face, there is an analogous map over each completion k, of k. Taking
the product over all places gives the back face of the diagram, while r denotes each map from a
global group to the product of the analogous local groups.

The image of J(k)/¢J(k) in each of the four global groups is contained in the inverse image
under r of the image of [], J(ky)/#J(ky) in the corresponding product of local groups. We give
these four inverse images a name.

Sel®(J, k) =r~1 < < HJ )/ 6 (k) — HH GU,J[¢])>>

Self  (J, k) =771 <im ( HJ )/ BT (ky) — HL*/L*pk ))
Self gutee (I, ) = (im ((a: ~T,y), HJ o) /0T (k) — Hru/x ))) :

Sel?  (J,k) <lm (HJ )/ 6J (k) — HH vy (L /,,L,,)>> :

The Selmer group Sel®(J,k) is commonly known. The fake Selmer group Selgke(J,k) was
introduced by Poonen and Schaefer in [2]. The two groups are related by an exact sequence

fp — Sel®(J k) — Sel?, (J,k) = 0,

and it is also known when the first map is injective (see [2, Theorem 13.2]). However, it is not
always obvious whether the image of J(k)/¢J(k) in Sel?(J, k) maps injectively to Sel}ike(J, k).
This means that although the fake Selmer group is more practical to work with explicitly, in doing
so information may be lost. The following theorem shows that no information is lost when we
work instead with the unfake Selmer group Selunfake(J, k), which is just as easy to work with as

the fake Selmer group. The lame Selmer group Sel J, k) is only defined for completeness.

lamc(

Theorem 5.1. The maps dy, and 6, induce isomorphisms

8y: Sel? o (k) — Sel®(J,k) and &,: Self, (J,k) — Sel{

lame

(J, k).

Proof. The fact that 6, and J, map Selunfake(J, k) and Selgke(J,k) injectively to Sel¢(J, k) and
Self;ne(J7 k) respectively is clear, so it remains to prove surjectivity. Note that we have an isomor-
phism H?(y,) = Br(k)[p]. Therefore, identifying H'(J[¢]) with H'(M/u,) through e, as before,

the long exact sequences associated to the vertical short exact sequences in diagram (2), together
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with the results of Proposition 3.1, give rise to a commutative diagram with exact columns:

T/x(L*)u(k*) —— L* /L*Pk*

HY(J[9]) — H' (1p(L*)/ 1p)

S
Br(k)[p] == Br(k)[p|
An analogous statement holds for every completion k, of k. Now suppose we have an element
€ € Sel®(J, k). Then by definition r(€) is contained in the image of (d,), and therefore in the image
of (8y)v (see diagram (8)). It follows that (&) maps to 0 in [ [, Br(k,)[p]. Since the map Br(k)[p] —
[1, Br(ky)[p] is injective, we conclude 6;(§) = 0, so there is an element n € T'/x(L*)c(k*) with
dy(n) = & A short diagram chase shows n € Selfmcake(J, k), so dy: Selﬁnfake(J, k) — Sel®(J, k) is

indeed surjective. Surjectivity of 6,: Selgke(J, k) — Sel? (J, k) follows similarly. O

lame

Proof of Theorem 1.1. The map (x — T,y): J(k) = T'/x(L*)c(k*) factors as
J(k) = J(k)/6J (k) — Sel® . (J,k) € T/x(L*)u(k").

unfake
Theorem 1.1 therefore follows immediately from Theorem 5.1. O
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