AN EXPLICIT THEORY OF HEIGHTS
FOR HYPERELLIPTIC JACOBIANS OF GENUS THREE

MICHAEL STOLL

1. INTRODUCTION

The goal of this paper is to take up the approaches used to deal with Jacobians
and Kummer surfaces of curves of genus 2 by Cassels and Flynn [CF] and by the
author [Stol, Sto3] and extend them to hyperelliptic curves of genus 3. Such a
curve C is given by an equation of the form y* = f(z), where f is a squarefree
polynomial of degree 7 or 8. We denote its Jacobian by 7. Identifying points with
their negatives on J, we obtain the Kummer variety of J. It is known that the
morphism J — P7 given by the linear system [20| on J (where © denotes the
theta divisor) induces an isomorphism of the Kummer variety with the image of J
in P7; we denote the image by K C P’. Our first task is to find a suitable basis
of the Riemann-Roch space L(20) and give explicit equations defining K, thereby
completing earlier work by Stubbs [Stu], Duquesne [Duq] and Miiller [Miil, Mii3].
To this end, we make use of the canonical identification of J with X = Pic*(C)
and realize the complement of © in X" as the quotient of an explicit 6-dimensional
variety V in A'® by the action of a certain group I'. This allows us to identify the
ring of regular functions on X'\ © with the ring of I-invariants in the coordinate
ring of V. In this way, we obtain a natural basis of L(20), and we find the quadric
and the 34 quartics that define K.

The next task is to describe the maps K — K and Sym? K — Sym? K induced by
multiplication by 2 and by {P,Q} — {P+Q, P —Q} on J. We use the approach
followed in [Stol]: we consider the action of a double cover of the 2-torsion sub-
group J[2] on the coordinate ring of P7. This induces an action of J[2] itself on
forms of even degree. We use the information obtained on the various eigenspaces
and the invariant subspaces in particular to obtain an explicit description of the
duplication map ¢ and of the add-and-subtract map on K. In analogy with [Stol],
we also obtain an estimate for the local ‘loss of precision’” under ¢ in terms of the
valuation of the discriminant of f. This in turn leads to an explicit upper bound
for the difference h—h between the (logarithmic) naive and canonical heights on J
over a number field. Such a bound is necessary if one wants to find generators of
the full Mordell-Weil group when only a subgroup of finite index is known. We
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illustrate this by determining generators of the Mordell-Weil group of the Jacobian
of the curve y? = 427 — 4z + 1. We then use this result to determine the set of in-
tegral solutions of the equation y? —y = =7 —z, using the method of [BMSST]. As
a further illustration, we determine explicit generators of the Mordell-Weil group
of the Jacobian of the curve given by the binomial coefficient equation

(2)-()

The necessary computations were performed using the MAGMA computer algebra
system [Magma).

2. THE KUMMER VARIETY

We consider a hyperelliptic curve of genus 3 over a field k of characteristic different
from 2, given by the affine equation

C:y® = fsa® + fra” + -+ fix + fo = f(z).
(We do not assume that C has a Weierstrass point at infinity.) Let F(z, z) denote
the octic binary form that is the homogenization of f; F' is squarefree. Then C
has a smooth model in the weighted projective plane P , | given by y* = F(z, 2).
Denote the Jacobian variety of C by J. We would like to find an explicit version
of the map
J — P’

given by the linear system of twice the theta divisor; it embeds the Kummer
variety J/{+£1} into P". We denote the image by K.

We note that the canonical class 20 on C has degree 4. Therefore J = Picg is
canonically isomorphic to X = Picg. The theta divisor on Picl (given by divisor
classes of the form [(P;) + (P,)] —m, where m is the class of the polar divisor (z)u;
we have 20 ~ 2m) corresponds to the locus of points on X’ that are not represented
by divisors in general position. An effective divisor ® on C is said to be in general
position unless there is a point P € C such that © > (P) + (+P), where ¢: C — C,
(x,y) — (z, —y) is the hyperelliptic involution.

We identify J and X', and we denote the theta divisor on J (and its image on X))
by ©. We write L(n©) for the Riemann-Roch space L(X,n0) = L(J,n0), where

n is an integer.

We can parameterize effective degree 4 divisors in general position as follows. Any
such divisor @ is given by a binary quartic form A(x, z) specifying the image of ©
on P! under the hyperelliptic quotient map 7: C — P!, (z,y) — z, together with
another quartic binary form B(z,z) such that y = B(z,z) on the points in D.
More precisely, we must have

(2.1) B(z,2)* — A(z,2)C(w, 2) = F(x, 2)
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for a suitable quartic binary form C(z,z). We then have a statement analogous
to that given in [CF, Ch. 4] for Pic® of a curve of genus 2.

We let Q = a3 — x1x3, Mg the associated symmetric matrix and
I'=80(Q) = {y € SL(3) : 7MoY = Mg},

then —I' = O(Q) \ SO(Q), and +£I" = O(Q). We have the following elements in I'
(for arbitrary A and p in the base field):

A0 O 1 p p? 0 0 1
th=10 1 0 , n,= {0 1 2u and w= [0 —1 0] ;
0 0 X! 0 0 1 1 0 0

these elements generate I.

Lemma 2.1. Two triples (A, B,C) and (A’, B',C") satisfying (2.1) specify the
same point on X if and only if (A, B',C") = (A, B,C)y for some v € I'. They
represent opposite points (with respect to the involution on X induced by ) if and
only if the relation above holds for some v € —T .

Proof. We first show that two triples specifying the same point are in the same
[-orbit. Let ® and @’ be the effective divisors of degree 4 given by A(z,x) = 0,
y = B(z,z) and by A'(x,z) = 0, y = B'(x,2), respectively. By assumption,
® and ®’ are linearly equivalent, and they are both in general position. If ©
and ©’ share a point P in their supports, then subtracting P from both ® and ©’,
we obtain two effective divisors of degree 3 in general position that are linearly
equivalent. Since such divisors are non-special, they must be equal, hence ® = 2’.
So A and A’ agree up to scaling, and B’ — B is a multiple of A:

A= )\A, B' = B+ uA, C'=X"1C +2uB + *A);

then (A, B',C") = (A, B, C)n,ty. So we can now suppose that the supports of ©
and ©’ are disjoint. Then, denoting by :®’ the image of ®’ under the hyperelliptic
involution, ® +:®’ is a divisor of degree 8 in general position, which is in twice the
canonical class, so it is linearly equivalent to 4m. Since the Riemann-Roch space
of that divisor on C is generated by (in terms of the affine coordinates obtained
by setting z = 1) 1,2, 22, 2%, 2%, y, there is a function of the form y — B(z, 1) with
B homogeneous of degree 4 that has divisor ® + @’ — 4m. Equivalently, D + 1D’
is the intersection of C with the curve given by y = B(xz,z). This implies that
B% — F is a constant times AA’. Up to scaling A’ and C’ by A and A~! for a
suitable A (this corresponds to acting on (A’, B',C") by t\ € '), we have

B> — AA = F,

so that (A, B, A’) corresponds to © and (A’,—B, A) corresponds to ©'. The
argument above (for the case ©® = ®’) shows that (A, B,C) and (A, B, A’) are in
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the same T-orbit, and the same is true of (4’, B, C") and (A’, —B, A). Finally,
(A, —B,A) = (A, B, A)w.

Conversely, it is easy to see that the generators of I' given above do not change

the linear equivalence class of the associated divisor — the first two do not even

change the divisor, and the third replaces ® by the linearly equivalent :®’ where
D+ D' ~ 227 is the divisor of y — B(x, 2) on C.

For the last statement, it suffices to observe that (A, —B, C) gives the point op-

posite to that given by (A, B, C); the associated matrix is —t_; € —TI". O
We write A, B, C' as follows.

Az, 2) = agx* + as2®z + aowe2® + a1w2® + apz?

B(z,2) = byx* + bsr®z + byx?2? + byaz® + byz*

C(z,2) = cax® + c32®2 + 222 + cra2® + o2
and use ag, ..., a4, by ..., b4, cCo,...,cq as affine coordinates on A, Welet YV C A®

be the affine variety given by (2.1). The defining equations of V then read
5(2) — aoco = fo
2boby — (aocr + aico) = fi

20gby + b — (agcy + arcy + azcy) = fo

2bobs + 2b1by — (apcs + aica + ascy + azcp) = fs

2bobs + 2b1b3 + b3 — (agcs + arcs + ascs + azcr + ascy) = [
201by + 2bobg — (aica + ascs + aszcy + ascr) = fs

2boby + b3 — (ascs + ases + asca) = fo

2b3b4 — ((1364 —+ CL403) = f7
bi —ascy = fy.

By Lemma 2.1, V/T' = U := X \ ©. Therefore the functions in the Riemann-Roch
space L(n©) will be represented by I'-invariant polynomials in the a;, b;, ¢;.

Since there is a multiplicative group sitting inside I' acting by (A4, B,C) - A =
(AA, B,\71(C), any T-invariant polynomial must be a linear combination of mono-
mials having the same number of a; and ¢;. Hence in any term of a homogeneous
[-invariant polynomial of degree d, the number of factors b; has the same parity
as d. This shows that such a ['-invariant polynomial is even with respect to ¢ if d

is even, and odd if d is odd.

It is not hard to see that there are no I'-invariant polynomials of degree 1: by the
above, they would have to be a linear combination of the b;, but the involution
(A, B,C) — (C,—B,A) = (A, B,C)w negates all the b;. It is also not hard to
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check that the space of invariants of degree 2 is spanned by the coefficients of the
form
- AlCl S Sym2<$07 T1,T2,T3, 'I4> 3

where

Al = QgTo + A1T1 + AT + A3T3 + A4y

By = by + bz + bawg + bsxs + baxy

C) = coxg + 11 + cog + c313 + 4y
are linear forms in five variables. Modulo the relations defining V, there are six

independent such invariants. We choose

Moz = 2boba — (apca + ascy

( )
Nos = 2bobs — (apcs + asco)
Noa = 2bobs — (aocs + asco)
s = 2b1b3 — (a1c3 + ascy)
Ma = 2b1bs — (arc4 + ascr)
Nos = 2boby — (agey + agco)

as representatives. As mentioned above, invariants of even degree are £I'-invariant
and so give rise to even functions on X with respect to ¢, whereas invariants of
odd degree give rise to odd functions on X'. Together with the constant function
1, we have found seven functions in L(20). Since dim L(20) = 8, we are missing
one function. This should be given by some quadratic form in the n;;, with the
property that it does not grow faster than the 7;; when we approach ©.

We have to find out what (192 : 703 : - -+ : 724) tends to as we approach the point
represented by (x1,y1) + (2,92) + m on X. A suitable approximation, taking
y = {(z) to be the line interpolating between the two points,

B(z,1) = Mz — x0)(x — x1)(x — 22) + (),
Ao(x) = (z — m1)(x — 22), px(z) = (f(2) £0(2)*)/Ao(2)?, P(x)
Az, 1) = Ag(z) (N (z — 20)* + (2M(0) — ¢, (20)) (& — @0) — o
shows that

l(x)/Ao(x), and
(o) +O(X7)),

Noa = — A (2122)% + O(N)

Nos = A2(21 + 29) 1125 + O(N)
Noa = — ANz 129 + O(N)

ms = =N (27 + 23) + O(\)
Ma = A*(x1 + 22) + O(N)

Moy = —A*+ O(1)
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as A\ — 0o. There are various quadratic expressions in these that grow at most
like A3, namely

ToaT24 + ThaT2a — 77%47 No3M24 — Noa"4,  Toz2T24 — 77(2)47
Mo2M1a — TosToss  Mo2Toa + Mo271s — 7o
(they provide five independent even functions in L(30)/L(20)) and
(2.2) 1 = To2N2a — No3a + Mog + Noams

which in fact only grows like A2 and therefore gives us the missing basis element

of L(20). We find that

where
3

G(x1,20) =2 Z foj(x1m2) + (21 + 22) Z foji1(T122) .
=0

5=0
The map X — P” we are looking for is given by

(1:7m2a 714 Moa = Moa + M3 2 Moz : Moz = 1) -
We use (&1, ...,&s) to denote these coordinates (in the given order). The reason

for setting &5 = 14 + 113 rather than 7,3 is that this leads to nicer formulas later
on. For example, we then have the simple quadratic relation

(2.3) §1€8 — §2&7 + 8386 — §4&5 = 0.

The image K of the Kummer variety in P” is given by a quadric and 34 quartic
relations that are not multiples of the quadric. The quadric is just (2.3). There
are 15 quartic relations in (&1, &, &3, &4, &5, &6, &7) coming from the fact that the
quadratic form B? — A;C; has rank (at most) 3. They are given by the 4 x 4
minors of the corresponding matrix

2 fo&1 fi&a &r &6 &4

N6 206 — &) f3& — & & — & &3

(2.4) M=1 & 36 =& 2(fuéi — &) 56— &3 &
&6 & — & 56 =& 2(fs& — &) f&
&4 &3 S J7&1 21361

Since these relations do not involve &, they cannot be multiples of the quadratic
relation. We will see later how to obtain all quartic relations satisfied by the
Kummer variety.

On a point [(x1,y1) + (22, y2) + m] € O, the map restricts to
2. 2y1ys — G(1,22)

<0 1 —(x1 + x2) 1220 x% + 2129 + ac% :—(x1 + x2)r1M0 ¢ (T122)° 5
(z1 — x2)

).
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If we write (X — z1)(X — 23) = 09 X? + 01X + 05, then this can be written as
(0: ag 10007 - 0g09 - a% — 0909 : 0109 - 05 1 &s)
where

(07 —40002)&5
+ (4fo0y = 2f10501 + 4 fa0500 — 2fs050100 + 4 fa050)
— 2f5000105 + 4 fs0005 — 2fr0105 + 4f305)Es
+ (=4fof2 + f})ag + 4fofaogor — 21 fs0000 — 4fofao507
+ (—4fofs + 4f1f1)ogo102 + (=4 fofs + 2f1f5 — 4fofa + [3)o50%
+ 4fofso407 + (8fofs — Af1fs)o00i02 + (8fofr — Afife + 4fafs)o00105
+(=2f1fr — 2f3f5)‘70‘72 4f0f600<71 (=12fof7 + 4f1f6)<73‘7?‘72
+ (—16fofs + 8f1fr — Afafs)ogoios + (8f1fs — Afafr + 4fsfe)ogo10;
+ (—4fofs + 2fsfr — Afafo + [2)o505 + 4fo fr0007
+ (16 fofs — Af1f7)000102 + (—12f1 fs + 4 fafr)000i 03
+ (8f2fs — Afsfr)o00ios + (—Afsfs + 4fafr)000105 — 2fs fr0005
— 4fofs0f +4f1[s0700 — Afafsoios + 4fsfsotos — Afifsoioy

+4fsfso100 + (—4fefs + f7)09
=0.

The image on K of the theta divisor is a surface of degree 12 in P® = P"N{&; = 0};
the intersection of K with the hyperplane £ = 0 is twice the image of ©. (The
equation above is cubic in the middle six coordinates and &g, so we get three times
the degree of the Veronese surface.)

When (z9,y2) approaches (x1,—y;), then the last coordinate tends to infinity,
whereas the remaining ones stay bounded, so the origin on J is mapped to

(0:0:0:0:0:0:0:1).

Points in J[2] are represented by factorizations F' = GH with d = degG even,
compare Section 5 below. Writing

G—gd:c +ga_ i —|—goz and H = hg_gt® 44 hy_gr" %2+, +he2® ,

we see that a 2-torsion point represented by (G, H) with deg G = 2 maps to

(2.5) (0:95: 9192 gog2 : 97 — o2 = Gog1 : G © Jahe + gogaha + Gogaha + gaho) .
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A 2-torsion point represented by (G, H) with deg G = 4 maps to
(2.6)
(1 : goha + gaha : giha + gahy = goha + gaho
: goha + gaho + g1hs + gzha : gohs + gsho = goha + g2h0o
: (goha + gaho)® + (goha + g2ho)(g2ha + gaha) + (91ho — goh1)(gahs — gsha)) -

3. LIFTING POINTS TO THE JACOBIAN

In order to decide if a point on the Kummer variety lifts to the Jacobian [J, we
have to consider odd functions on 7. In L(30) of dimension 3% = 27, the subspace
of even functions has dimension 14 and is spanned by &1, . . ., &, the five quadratics

§a(ba + &) — &3, 286 — &34, &6 — &7, &3&6 — Eabry (§a+ &5)&r — &G and a further

function, which can be taken to be
2(2f0&5 — f16als + 2f262ls — f3bale + 2f1&alr — f5&a&n + 2f6laln — fr&e&r + 2£363)
— 7828487 + 28567 + fzfg + 5:357 + 4838486 — 2838586 + fff - 55555 + 2545§ -

The subspace of odd functions has dimension 13. We obtain a ten-dimensional
subspace of the latter by considering the coefficients of A; A By A C}, which is an
expression of degree 3, of odd degree in B and invariant even under SL(3) acting
on (A, B,C). (One can check that there are no further I'-invariants of degree 3.)
These coefficients are given by the 3 x 3-minors of the matrix

ap ap Qo a3 dau
(3.1) L=1{by b by by by

Ch C1 Co C3 (4
If we denote the minor corresponding to 0 < i < j < k < 4 by p,j, and use the
notation n; = b7 — a;¢; and n;; = 2b;b; — (a;c; + a;c;) for i < j, then we find
(3-2) M?jk = 77ii77]2k + 77jj77i2k + 77kk77i2j — AN Mk — NigNik Nk -
If L;j; is the corresponding 3 x 3 submatrix of the matrix above, note that

with
0 0 -1
(3.3) D=0 2 0 ,
-1 0 O

and that the entries of the product matrix L™ DL are of the form 21;; on the diago-
nal and 7;; off the diagonal, so L' DL = M, where M is the matrix corresponding
to the quadratic form B? — A;C) given in (2.4). We can express this by saying
that p,?jk is —% times the corresponding principal minor of M. In the same way,
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one sees that fujx i is —% times the minor of M given by selecting rows ¢, 7, k
and columns 7', j', k.

For a point in K(k) with £, = 1 (hence outside the theta divisor) to lift to a point
in J(k), it is necessary that all these expressions are squares, and it is sufficient
that one of them is a nonzero square. All ten of them vanish simultaneously if
and only if A, B and C are linearly dependent (this is equivalent to the rank of
B? — A,C; being less than three). The dimension of the space spanned by A, B
and C' cannot be less than two, since this would imply that F' is a constant times
a square, which is not possible, since F' is assumed to be squarefree. So we can
write A, B and C as linear combinations of two polynomials A" and C’, and after
a suitable change of basis, we find that F' = B? — AC = A’C’. This means that
the point is the image of a two-torsion point on 7, and it will always lift.

Let us now assume that not all the minors vanish, say p;;x # 0. Then L has
rank 3, so that its rows, or equivalently, the polynomials A, B,C are linearly
independent. Since the rank of M is also 3, both L and M have the same two-
dimensional kernel. We can compute the kernel from M and then we find the space
generated by A, B, C' as its annihilator; it is simply given by rows i, j, k of M. If
we find an invertible 3 x 3 matrix U such that M;;, = U" DU (where M;j; is the
principal 3 x 3 submatrix of M given by rows and columns i, j, k), then we can
find a matrix L whose rows are in the space generated by rows ¢, 7, k of M and
such that L;;z = U. Then LT DL = M, and L provides us with a representative
(A, B,C) of the point on J we are looking for. Finding U is equivalent to finding
an isomorphism between the conic

(Il, T2, Ig)Mijk<I1, 9, ZE3)T =0 and r1T3 — I% = O,
which comes down to finding a point on the conic and parametrizing it.

For points with & = 0, we can use the explicit description of the image of © given
in the previous section.

Remark 3.1. One can check that the following three expressions are a possible
choice for the missing three basis elements of the odd subspace of L(30):

Eattor2 — E3H013 + Esfto14

E3ptora — (§a + E5) po2a + Eaptrzz + Eehtoza

Estto3a — Septaza + 7 ptaza

4. TRANSFORMATIONS

We compare our coordinates for the Kummer variety with those of Stubbs [Stu],
Duquesne [Duq] and Miiller [Miil] in the special case fg = 0. In this case there
is a rational Weierstrass point at infinity, and we can fix the representation by
requiring that A vanishes at infinity and that deg B(z,1) < deg A(z,1). For a
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generic point P on J, deg A(z,1) = 3; let (z;,y;) for j = 1,2,3 be the three
points in the effective divisor D such that P = [D — 3 - co]. Generically, the three
points are distinct. Then

Az, 1) = (x — z1)(x — x9)(x — x3)

and B(z, 1) is the interpolation polynomial such that B(z;,1) =y, for j =1,2,3.
We obtain the ¢; from C' = (B? — F')/A by polynomial division. This leads to

S1= K1

§2 = — Jrka

& = Jrks

§a= — frKa

§ = fak1 + fske +  2fers +  3frka — ks

§6 = fak1 + fake + [k — K¢

§7 = faka - Jaks —  3fsky - K7

§s = —faftka — faftks —  fafrka +  frrs
where K1, ks, ..., kg are the coordinates used by the other authors.

We consider the effect of a transformation of the curve equation. First suppose that
F(z,2z) = F(x 4+ Az, 2) (corresponding to a shift of the z-coordinate in the affine
equation). A point represented by a triple (A(z, 2), B(z, 2), C(z, 2)) of polynomials
will correspond to the point (A(z,2), B(z, ), C(z, 2)) with A(z, 2) = A(z+ Az, 2)
and analogously for B and C'. We obtain

&=6

€2 = &0+ 3Mfr&y + 1202 [y

& = &+ 20 + 3N il + 8N fol

€4= &+ A + N6 + N fry + 20 fsy

& = & + M2/ + 36) + N (61 + 36) + 17N fr&y + 34X i

€6 = &6+ ANBE + &) + N (fs&r + 36) + N(2fe&1 + 26) + 5! 26 + 8N fs&y

& = &+ A(fabr + 266) + N (2fa1 + 360 + &) + V(4561 + 263)

+ N (6661 + &) + IN fr61 + 12X° f3&y

& = 58 + AM(fs€a + 2584 + 3f767)
N (3fsfrér + 2faa + fs€3 + 6 f6la + 3f766 + 12fs67)
+ )‘3((12f3f8 +6faf7)61 + 4fs8e + 4f6s + 17 f260 + fr€5 + 16 fs&s)
+ XN((24 o fs + 115 f2)€1 + 8 6o + 12 f7E5 + 46 fs&s + 6fs&5)
+ N (4415 fs + 18fs f7)61 + 16 fr6s + 32 fs&3)
+ AO((68fsfs +29/7)&1 + 32fs€a) + 148" fr fs&y + 148X° f3€4
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For the transformation given by F(x, z) = F(z, ), we have

aj =asj,  bj=bsy, G =cay
and therefore

(€1,69, 63,84, &5, 86,67, E8) = (&1, &7, &6, €4, &5, €3, 60, E3) -

More generally, consider an element

o= (Z Z) € GL(2)

acting by (x,z) — (rz + sz,tx + uz). Let ¥ € GL(5) be the matrix whose
columns are the coefficients of (rz + sz)/(tx + uz)*7, for j = 0,1,2,3,4 (this is
the matrix giving the action of o on the fourth symmetric power of the standard
representation of GL(2)). Recall the matrix L from (3.1) whose rows contain the
coefficients of A, B and C'. Then the effect on our variables a;, b;, ¢; is given by
L~ LYT. With D as in (3.3), we have LT DL = M with M as in (2.4). So the
effect OfNU on M is given by M = YMYT. Note that 51 = £ and that we can
extract &, ..., & from M; to get & when & is not invertible, we can perform a
generic computation and then specialize.

This allows us to reduce our more general setting to the situation when there is a
Weierstrass point at infinity: we adjoin a root of F'(z,1), then we shift this root
to zero and invert. This leads to an equation with fs = 0. This was used to
obtain the matrix representing the action of an ‘even’ two-torsion point, see below
in Section 5.

5. THE ACTION OF THE TWO-TORSION SUBGROUP

There is a natural bijection between the two-torsion subgroup J[2] of the Jacobian
and the set of unordered partitions of the set  C P! of zeros of F into two
subsets of even cardinality. The torsion point T corresponding to a partition
{0, Qo) is D0 cq, (W, 0) — (#21/2)m]. Since #Q = 8 is divisible by four, the
quantity e(T) = (—1)#4/2 = (—1)#%2/2 is well-defined. We say that T is ‘even’
if e(T) =1 and ‘odd’ if £(T) = —1. By definition, the ‘even’ two-torsion points
are the 35 points corresponding to a partition into two sets of four roots, together
with the origin, and the ‘odd’ two-torsion points are the 28 points corresponding
to a partition into subsets of sizes two and six. The Weil pairing of two torsion
points 1" and T" represented by {1, } and {2, Q,}, respectively, is given by

eo(T,T') = (=1,
It is then easy to check that
(5.1) (T, T") = e(T)e(Te(T +T") .
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Note that Picp is canonically isomorphic to PicZ (by adding the class of m), which
contains the theta characteristics. In this way, the theta characteristics are iden-
tified with the two-torsion points, and the odd (resp., even) theta characteristics
correspond to the ‘odd’ (resp., ‘even’) two-torsion points.

Using the transformations described in the previous section and the matrices ob-
tained by Duquesne [Duq| representing the translation by a two-torsion point,
we find the corresponding matrices in our setting for an ‘even’ nontrivial two-
torsion point. The matrices for ‘odd’ two-torsion points can then also be derived.
For each factorization F' = GH into two forms of even degree, there is a matrix
MG, my whose entries are polynomials with integral coefficients in the coefficients
of G and H and whose image in PGL(8) gives the action of the corresponding two-
torsion point. These entries are too large to be reproduced here, but are given in
the file Kum3-torsionmats.magma at [Datal.

The matrices satisfy the relations
(5.2) MZy gy = Res(G,H)Is ~ and  det Mg z) = Res(G, H)".

Let

coorRrOoOOO
|

O OO OO OoOOo
DO OO OOoOO

_ OO oo o oo
Do oo, OO o
DD DO OO
DD DD OO O
DD DO DO OO

be the matrix corresponding to the quadratic relation (2.3) satisfied by points on
the Kummer variety. We will write (-, -)s for the pairing given by S: for vectors

§: (617-"758) andgz (Cl?"'aC8)7 we have
(§,Q)s = &1Cs — &alr + &3C6 — Eals — E5Cu + 6C3 — §ra + EsCa -

One checks that
(SM,m) " = (1) D23 M G m) .

If T'# 0 is ‘even’, then all corresponding matrices M ¢ i) are equal; we denote this
matrix by Myp. In this case, also the resultant Res(G, H) depends only on T'; we
write it 7(T), so that we have M? = r(T)Is. For T ‘odd’ represented by (G, H)
with degG = 2, we have Mg -1m) = N M m). As a special case, we have
M1,Fy = Ig. For T'# 0 ‘even’, the entry in the upper right corner of My is 1, for
all other two-torsion points, this entry is zero.
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For a two-torsion point 7" € J[2], if we denote by M7y the matrix corresponding to
one of the factorizations defining T, we therefore have (using that S = ST = S71)

(SMp)" = e(T)SMy, or equivalently, My =e(T)SM,S.
This implies (using that My Mr is, up to scaling, a matrix corresponding to T'+7")
MMy = e(T)SM,.S - (T')SM;, S
= e(T)e(T)S(MpMp)'S = e(T)e(Te(T + T") My My
Using (5.1), we recover the well-known fact that

(53) MTMT’ = €2<T, T/>MT/MT .

Since M2 is a scalar matrix, the relation given above implies that the quadratic
relation is invariant (up to scaling) under the action of J[2] on P":

M} SMy = Res(G, H)S .

6. THE ACTION ON QUADRATIC AND QUARTIC FORMS

We follow the approach taken in [Stol] and study the action of the two-torsion
subgroup on quadratic and quartic forms on P7. We work over an algebraically
closed field of characteristic different from two.

Lemma 6.1. There is a subgroup G of SL(8) and an exact sequence
0— s —G— J[2] — 0
induced by the standard sequence
0 — G,, — SL(8) — PSL(8) — 0

and the embedding J[2] — PSL(8) given by associating to T the class of any
matrizc M.

Proof. Let T' € J[2] and let My € GL(8) be any matrix associated to 7. Then
M3 = cly with some ¢ (compare (5.2)), and we let My denote one of the two
matrices yMp where v2c = (T). Then My € SL(8), since (again by (5.2))

det My = ~® det My = (¢(T)c V)it =1,
Since any two choices of My only differ by scaling, My is well-defined up to sign.

Among the lifts of the class of My in PSL(8) to SL(8), + My are characterized by
the relation M? = &(T)Ig. We now set

G={+tM;:TeJ_2}.
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It is clear that G surjects onto the image of J[2] in PSL(8) and that the map is two-
to-one. It remains to show that G is a group. So let T,T" € J[2]. Then My My
must be My 7 for some eighth root of unity ¢. Since (using (5.3) and (5.1))

(MpMp)? = My Mp My My = eo(T, T M2 M2,
=eo(T,Te(T)e(T)Ig = (T +T')Ig,
we find that ¢ = 41, so that MTMT/ €dq. O

Remark 6.2. Note that the situation here is somewhat different from the situation
in genus two, as discussed in [Stol]. In the even genus hyperelliptic case, the
theta characteristics live in Pic®d rather than in Pic®™™ and can therefore not
be identified with the two-torsion points. The effect is that there is no map
e: J[2] — e that induces the Weil pairing as in (5.1), so that we have to use a
fourfold covering of J[2] in SL(4) rather than a double cover.

We now proceed to a study of the representations of GG on linear, quadratic and
quartic forms on P7 that are induced by G C SL(8). The representation p; on the
space Vi of linear forms is the standard representation. For its character x;, we
find B
x1(£Ig) = +8 and  x1(£Mr) =0 forall T #0.

This follows from the observation that 7' can be written as T' = T" + 1" with
eo(T",T") = —1. Since =My = My Mpn = —Mqpn My, the trace of My must be
zero. We deduce that p; is irreducible.

The representation p, on the space V5 of quadratic forms is the symmetric square

of p;. Since +Ig act trivially on even degree forms, ps descends to a representation
of J|2]. Its character x5 is given by

x2(0) = 36 and
x2(T) = %(Xl(MT)Q + Xl(]\;[%)) = %(0 +8¢(T)) = 4e(T) for T # 0.

Since J[2] is abelian, this representation has to split into a direct sum of one-
dimensional representations. Let xr denote the character of J[2] given by Weil
pairing with 7', then the above implies that

(6.1) p= P xr
T: ¢(T)=1

So for each ‘even’ T' € J[2], there is a one-dimensional eigenspace of quadratic
forms such that the action of 7" is given by multiplication with ey(7,7"). For
T = 0, this eigenspace is spanned by the invariant quadratic (2.3); we define

Yo = 2(&18s — §267 + 386 — 465) -

Then g, is the quadratic form corresponding to the matrix S in the sense that
Yo(§) = §S§T = (§,§)s. For nontrivial ‘even’ T', we denote by yr the form in the
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eigenspace corresponding to T' that has coefficient 1 on £2. We will see that this
makes sense, i.e., that this coefficient is always nonzero.

Lemma 6.3. For every nontrivial ‘even’ two-torsion point T, the matrix corre-
sponding to the quadratic form yr is the symmetric matric SMy. In particular, if
T corresponds to a factorization F' = GH into two polynomials of degree 4, then
the coefficients of yr are polynomials in the coefficients of G and H with integral
coefficients, and the coefficients of the monomials §;&; with i # j are divisible by 2.

Proof. We show that M, (SMy) My = es(T,T')SMy. We use that M2, = (T")I,
SMyz = e(T")M],S and the fact that the Weil pairing is given by commutators.
This gives

MT/SMTMT/ = E(T/)SMT/MTMT/ = 8(T’)62(T, T/)SMTM2/ = GQ(T, T/)SMT

as desired, so SMyp gives a quadratic form in the correct eigenspace. Since the
upper right entry of My is 1, the lower right entry, which corresponds to the
coefficient of €2, of SMrz is 1, so that we indeed obtain yr. O

We can express yr as yr(§) = (£, EM])s.

Remark 6.4. Note that if 7" is an ‘odd’ two-torsion point, represented by the
factorization (G, H), then the same argument shows that the alternating bilinear
form corresponding to the matrix SM g gy is multiplied by ey(7,7") under the
action of 7" € J12].

We set
(gla €2,€3,84,E5,E6, 67758) - (17 _17 1a _1a _1a 17 _17 ]-) ;

these are the entries occurring in S along the diagonal from upper right to lower
left.

Corollary 6.5. Let T be a nontrivial ‘even’ two-torsion point with image on K
given by
(1:7To:73:7Ty:T5:T6:Tr:Tg).

Then
8

yr =& +2 ZEjTj &;€s + (terms not involving &g) .
=2

Note that this is still true for 7' = 0 if we replace the first coordinate by zero (and
similarly in the formula for yr).

Proof. The last column of My has entries 1,7y, ..., 7s (since My maps the origin
to the image of 7" and has upper right entry 1). Multiplication by S from the
left reverses the order and introduces the signs €;. Since the coefficients of yr
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of monomials involving &g are given by the entries of the last column of SMr by
Lemma 6.3, the claim follows. U

We define a pairing on the space of bilinear forms V; ® V; as follows. If the bilinear
forms ¢ and ¢’ are represented by matrices A and A’ with respect to our standard
basis 1, ..., &g of V4, then (¢, ¢') = %Tr(ATA’) (the scaling has the effect of giving
the standard quadratic form norm 1).

For an ‘even’ two-torsion point T', we write gyr for the symmetric bilinear form
corresponding to the matrix SMy (this is well-defined up to sign) and Zr for the

symmetric bilinear form corresponding to SM; = MpS. Also, zr will denote the
form corresponding to SM;. = MzS. Then, since S(M7S)S = SMr, we have the
relation z7(§) = yr(£5); explicitly,

21(81, 62,63, 64, €55 865 €75 €8) = yr(Es, —E7, &6y —E55 64,63, =2, 1) -
Lemma 6.6. For all ‘ecven’ two-torsion points T and 1", we have
. 1 fT=T,
QBW»ZL)#T¢TC
Equivalently,

(™) fT=T1",
<ZT’yT'>_{0 FT 4T

Here we restrict the scalar product defined above to Vo C Vi ® V.

Proof. The claim is that Tr((SM7)T(SMq)) is zero if T # T" and equals 8 if
T =T'. We have
TI‘((SM;)T(SMT/)) = TI'(MTSQMT/) = TT(MTMT/) = :ETT(MT+T/> .
If T # T, then this trace is zero, as we had already seen. If T' = T”, then
+ My, = Ig, so the result is 8 as desired. ]
This allows us to express the f’? in terms of the yr. We set r(0) = 1 and M, = .
We denote the coefficient of §;§; in a quadratic form ¢ € V; by [£:£;]q
Lemma 6.7. For every j € {1,2,...,8}, we have
2
2 [59—j]yT
g= > sr(T) /T
T: &(T)=1

Similarly, for 1 <1< j <8, we have

2&5] = &i&j Z %yT .
T:e(T)=1
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Proof. We have by Lemma 6.6

T: e(T)=1 T: e(T)=1
[SJ]ZT [gg—j]yT
2o sm" T 2
T:e(T)=1 T:e(T)=1
In the same way, we have for ¢ # j that
(21, &)
26,6 =Y 2050, &E)ir Z 2= Ty
T: e(T)=1
_ [fzfg]ZT [594597;‘] yr
= 2 G Z sr(1) T
T:e(T)=1 T:e(T)=1
(Note that 8(zr, &;&;) is half the coefficient of ¢; in 2p.) d

Corollary 6.8. We have

1
> GO = (Zej §G) = (€0}
T:e(T)=
In particular, setting ¢ =&, we obtain
1
Z my% =5 = 4&&s — L& + &8 — &4&5)°
T:e(T)=1

Proof. We compute using Lemma 6.7,

1
——yr(§)yr(C)
. ;T)_IST(T) 27T

]y [§i§j]?/T(§)
—25 Z T Q Z &i&; Z W?JT(Q

1 e(T)= 1<i<j<8 T:e(T)=1

—Zg Gat2 Y &g &iiCoiCo;

1<i<y<8
= (Z €j §]C9_J>2 O
j=1

Now we consider the representation p, of J[2] on the space Vj of quartic forms.
For its character y4, we have the general formula

Xa(T) = 2 (i (Mr)* +8x1 (Mr) x1 (M) +3x1 (M7)*+6x1 (Mr)*x1 (M) +6x1 (M7)) .



HEIGHTS FOR GENUS 3 HYPERELLIPTIC JACOBIANS 18

This gives us
x4(0) =330  and  x4(7T) =10 for T'# 0.
We deduce that

(6.2) p=x{" e PP
T+40

Let § = (d1,...,0s) denote the quartic forms that give the duplication map on the
Kummer variety I, scaled in such a way that d5(0,0,0,0,0,0,0,1) = 1 (and then
determined up to adding a quartic form vanishing on KC). We write Ej for the space
of quartics vanishing on IC. Note that we can test whether a given homogeneous
polynomial in & vanishes on K by pulling it back to A'® and checking whether it
vanishes on V.

Lemma 6.9.

(1) The restriction of py to Ey splits as pslp, = x&7 @ Do xT-

(2) The images of 41, . ..,0ds form a basis of the quotient 1/4‘7[2]/E;7[2] of invari-
ant subspaces.

Proof.

(1) The dimension of Ej is 70, and a subspace of dimension 36 is given by yoV5.
The latter splits in the same way as ps does. Since for the generic curve,
the Galois action is transitive on the ‘odd’ two-torsion points and on the
nontrivial ‘even’ two-torsion points, the multiplicities of all ‘odd’ characters
and those of all nontrivial ‘even’ characters in p4|p, have to agree. The
only way to make the numbers come out correctly is as indicated.

(2) Since the result of duplicating a point is unchanged when a two-torsion
point is added to it, the images of all ¢; in Vj/E, must lie in the same
eigenspace of the J[2]-action. Since K spans P7 and the duplication map
d: K — K is surjective, the images of the ¢, in V;/E; must be linearly in-
dependent. So they must live in an eigenspace of dimension at least eight.
The only such eigenspace is that of the trivial character, which has dimen-
sion exactly 8 = 15 — 7 by the first part. O

We see that the 36 quartic forms y2 for T an ‘even’ two-torsion point are in the
invariant subspace of V; of dimension 15. Let k denote a field of characteristic
different from 2 such that F' € k[x, z]. We assume that F' is squarefree, so that C is
a smooth hyperelliptic curve of genus 3 over k. Let Teyen denote the finite k-scheme
whose geometric points are the 36 ‘even’ two-torsion points, and denote by Keyen
its coordinate ring; it is an étale k-algebra of dimension 36. Then y: T +— yr can
be considered as a quadratic form with coefficients in keyen and 7: T +— r(T') is an
element of kX

even’
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Lemma 6.10. The 36 coefficients c;; = [(F]y, for 1 <i <8, and ¢;j = 3[&:]y,
for1 <1< j <8, constitute a k-basis of keyen.

Proof. We define further elements of keyen by

5 1 5 i€
Cii = g[fg-i]y and ¢y = 8—;[594597]‘]3/.

Lemma 6.7 can be interpreted as saying that

1 (4,5) = (0, 5),

Trkeven/k<éijci’j'> = {0 otherwise

This shows that the given elements are linearly independent over k. U

We can compute the structure constants of keyen with respect to this basis and use
this to express y? in terms of the basis again. Extracting coefficients, we obtain
36 quartic forms with coefficients in k& that all lie in the 15-dimensional space of
invariants under J[2]. We check that they indeed span a space of this dimension
and that we get a subspace of dimension 7 of quartics vanishing on the Kummer
variety.

It turns out that the quartics in \/4‘7[2] that vanish on K are exactly those that
do not contain terms cubic or quartic in &. Forms spanning the complementary
space are uniquely determined modulo Efp] by fixing the terms of higher degree
in &. We take ¢; = ;&3 + (dege, <2) for j =1,...,8. Then the g; can be chosen
so that they have coefficients in Z[fo, ..., fs]. To fix ¢; completely, it suffices to
in addition specify the coefficients of £;&&2 for 1 < i < 7. One possibility is to
choose them as given in Figure 1, which includes gqq,...,q5 in the ideal of I,
where Efp] = (g9, 10, - - - , 15)-

We claim that we can take
(617 527 ey 58) - (4(]1) 4qQ7 4Q37 4(]4’ 4q57 4(]67 4Q77 QS) .

It can be checked that the induced basis of 1/4“7[2] / Ef[zl transforms in the same way
under the action of SL(2) (by linear substitution of the homogeneous variables in
A, B,C, F) as our coordinates (&,...,&). So we can apply an isomorphism to C
and assume that fs = 0. We can then embed the curve into Pic* by adding m and
the Weierstrass point at infinity. The point (xo, ) then maps to
(0:0:0:0:1:—x¢: 28 : —frad)
and its double maps to
(0:1: =220 : 22 : 322 =223 : w3« %)

where * is some polynomial in the f; and zy divided by 4F(zo,1). We check
that our d; restrict to this (up to scaling by —4fZF(z0,1)) on the image of C.
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@1 = &8 + 2(— folo + f3&s — fala — [a&s + [5&6 — fo&r)E1&5 +
G2 = &8 + (Afs(—fola + folu + fa&r) — 2f3fs&s — [5/760)6165 +
a3 = &85 + (fr(—2foa + 2 /2 + f3&o)
+ 2fs(—2fobs + 41164 — 2f2&6 — [367))6&5 +
=& + (—2fof2& + (12fofs + fufr)€a — 21 fs€6)E1&5 +
a5 = && + (Afofs — 2/1f5)6 + (=2 fofr — 2f1f6 + 2f2f5)s
+ (4fofs +4f1fr +4fofe —5f3f5)8

+ (=2f1fs — 2fafr + 2f3f6)& + (4fafs — 2f3[1)6) &5 +

g6 = &6&5 + (fo(—2[582 — 4f6&s + 8 f7€4 — 4 fs&6)
+ fi(fs&s + 2f68a — 2fs67))61&5 +
qr = 5753 + (4 fo(faka + fola — fs&7) — frfs€o — 2f0f553)§1§§ +

as = & + 16(fLfs(fr&o — fobs + f3€a) + fofr(fs&a — fobs + f767))E1&8 +

= 2(fr& — 4fs&r)6165 +
G0 = 2(f5& — folo + fr67)E1&5 +
q11 = 2(f3&s + 2f1&s — 2[4 + [586)6165 +
G2 = 2(f1&2 — fobs + f3&4) 6165 +

q13 = 2(—4folo + [16)6 65 +
qia = (3 — 55)515§ +
G5 = E18 + ... = (G&s — L& + &6 — &a)°

FIGURE 1. A basis of the J|[2]-invariant subspace of V.

Since ¢, is the only invariant quartic (mod FEj) that vanishes on the image of C,
this shows that our §; are correct up to multiples of ¢;. We can also check that
0108 — 0207 + 0306 — 0405 vanishes on K. As this is the only quadratic relation
that holds on /C, the multiples of ¢; must also be correct. We therefore find the

following.

Theorem 6.11. The polynomials

(51,5275375475575&57, 58) = (4(1174612,4@13;4?14749574@16746]7,98)-

n ‘/'4‘7[2] (with q; as above) have the following properties.
(]) 5] € Z[f07f17 . e '7f8][§17§27 cee 758] fOT’ all 1 S j S 8.
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(2) The map 6: KK — K given by (01 : ... : dg) is the duplication map on K.
(8) (61,09,...,08)(0,0,...,0,1) = (0,0,...,0,1).
(4) With yr as defined earlier for an ‘even’ two-torsion point with image
(].IT227'327'427'52T61T7I7'8)
on IKC, we have
y72« = 58 — 7'257 + 7_356 — 7'455 — T554 + T653 — 7752 + 7-851 = <I,é>5 mod Ef[z] s
where T = (1,79,...,78) and 0 = (01, ...,03).

Proof.

(1) This can be verified using the explicit polynomials.

(2) See the discussion preceding the theorem.

(3) This is obvious.

(4) We compare the coefficients of ;&3 on both sides. Since by Corollary 6.5,
yr = & + 2e97o&r€s + 2e373E6Es + - . . + 2687€1&s + (terms not involving &) ,

we find
yg = &g + deao&rl + ..+ degms€r &l + (terms of degree < 2 in &)

and the right hand side has the same form. So the difference is a form
in ‘/4‘7[2] of degree at most 2 in &s, which implies that it is in Efm. g

The quartics 0 = (dy, ..., ds) are given in the file Kun3-deltas.magma at [Datal.
Corollary 6.12. Let £ be coordinates of a point on K (£ = 0 is allowed).

(1) If 6(¢) = 0, then yr(€) = 0 for all ‘even’ two-torsion points T

(2) If disc(F) # 0, then 6(&) = 0 implies € = 0.

(3) If k(T') are coordinates of the image on K of a two-torsion point T, given by
a factorization F = GH, as in (2.5) or (2.6), then ds(x(T)) = Res(G, H)?
(and the other &; vanish). So k(T) belongs to the base scheme of § if and
only if G and H are not coprime.

Proof.

(1) This follows from the last statement in Theorem 6.11.
(2) By the first part, yr(§) = 0 for all ‘even’ T'. Since disc(F') # 0, we also

have (1) # 0 for all T'; then by Lemma 6.7 we obtain &; = 0 for all j.
(3) This comes out of an explicit computation. O

Note that the action of GL(2) on (z, z) induces an action on the coefficients of F'
and on our coordinates . This induces a ‘degree’ coming from scaling F":
deg(f;) =1, deg(§) =(0,1,1,1,1,1,1,2)
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and a ‘weight’ coming from scaling x:

wt(f;) =7, wt(§) =(0,6,5,4,4,3,2,8).

On the level of the coordinates a;,b;, c; on A'®) we have

1 .
deg(ay) = deg(b;) = deg(c;) =5 and  wit(a;) = wt(b) = wt(c;) = j.
For example, the invariant quartics given above are homogeneous with respect to

this degree and weight:

deg(ql, qa, ..., Q15) = (6, 7, 7, 7, 77 7, 7, 8, 6, 6, 6, 67 6, 5, 4)
Wt(q1, Gos - - -, q15) = (24, 30, 29, 28, 28, 27, 26, 32, 26, 25, 24, 23,22, 20, 16)

We find 70 independent quartics vanishing on IC (and thence a basis of the ‘new’
space of quartics that are not multiples of the quadratic relation) by searching for
polynomials of given degree and weight that vanish on ¥ when pulled back to A%,
Removing those that are multiples of the invariant quadric, we obtain quartics
with the following 34 pairs of degree and weight:

deg =4: wt=12,13,14, 14,15, 15,16, 16, 16,17, 17, 18, 18, 19,20
deg =5: wt=17,18,18,19,19, 20,20, 20,21, 21,22, 22, 23
deg = 6:  wt = 22,23,24,24,25,26

These quartics are given in the file Kum3-quartics.magma at [Data]. The 15 quar-
tics of degree 4 are exactly those obtained as 4 x 4-minors of the matrix M in (2.4).

The canonical map from V, = Sym? L(20) to L(40) has non-trivial one-dimen-
sional kernel, spanned by the quadric yo vanishing on . Since the dimension
of the even part L(40)* of L(40) is 36 = dim V3, the map Vo — L(40)" has a
one-dimensional cokernel. Looking at the action of J[2] on L(40)%, it is clear
that this space splits as a direct sum of the image of V5, and a one-dimensional
invariant subspace. We will identify a generator of the latter.

Lemma 6.13. The image of ¢1 in L(80) is the square of an element = € L(40)*
that is invariant under the action of J|2].

Proof. We pull back ¢; to a polynomial function on the affine space A that
parameterizes the triples of polynomials (A, B, C'). We find that this polynomial
is the square of some other polynomial p that can be written as a quadratic in the
components of A; A B; AC. So p is invariant under £1I", which means that it gives
an element = of L(40)*. O

To make = more explicit, we note that p can be expressed as a cubic in the &;.
Taking into account that & = 1 on the affine space, we find that (up to the choice
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of a sign)

GE = (=8fofufs + 2fofsfr + 2f1fsfs)&) — 4fofecil + (—4fofz + 2f1f6)E1 s
+ (—4fofs + 2f1fr — Afafo + [3f5)E06 + (12fofs — [1f2)ErEs
+ (—4f1fs + 2f2f7)E38 — A2 fsE167 + 6fo&a&s — 3161628 + 6f261604
— fs€16286 — 2f3&1€38s + 2f4616386 — f5E1&sEr + Af161E7 — 2f161646s
— 25616486 + 6 f6&1€alr — BfrE186E7 + 636165 — 1166487 + 26587 + 26288
+ 26567 + 5Es€als — 3Esbsle + 265 — TEEs + 3E4E2

We obtain similar cubic expressions for {;Z with j € {2,3,...,8} by multiplying
the polynomial above by &;, then adding a suitable linear combination of the
quartics vanishing on I so that we obtain something that is divisible by &;. These
cubics are given in the file Kun3-Xipols.magma at [Data]. With this information,
we can evaluate = on any given set ¢ of coordinates of a point on : we find an
index j with & # 0 and evaluate = as (&2)/&;.

This gives us a basis of L(40)" consisting of = and the quadratic monomials in
the & minus one of the monomials §;§9_;. Alternatively, we can use the basis
consisting of = and the yr for the 35 nonzero ‘even’ two-torsion points 7.

7. FURTHER PROPERTIES OF THE DUPLICATION MAP

We refine the statement of Corollary 6.12. We stress that the coefficients f; of F
are completely arbitrary; we do not assume that F' has non-vanishing discriminant
or even that F'is nonzero. Since K and § are defined in terms of polynomials with
coefficients in Z[fy, ..., fs], they make sense over any field (or even ring) and for
any choice of the f;.

Lemma 7.1. Let k be a field, fo,...,fs € k, and let IC and § be the associated
objects defined over k. If € k8 are coordinates of a point on K, then we have

0(§) =0 <= yr(§) =0 forall ‘ecven’ T#0 and 2Z(§)=0.
Proof. The implication ‘=" is Corollary 6.12, together with (22)? = §;. So we
only have to show the other implication. In characteristic 2, we have §; = 0 for
J # 8 and therefore y2 = dg on K (for all T'), which makes the claim obvious. If
F =0, we have §g = & and §; = 4¢;&3 for j < 8. For all T, we have x(T) =
(1:0:...:0),s0y% =g on K, and yr = 0 implies dg = 0 and thence
0 = 0. In the remaining case F' # 0, char(k) # 2, we can assume that F' splits
over k (otherwise we enlarge k). Acting on F' by GL(2), we can move up to three
roots to oo, 0 and 1, and we can assume that F'(z,1) is monic (perhaps after
a further field extension). In the finitely many resulting cases, we check by an
explicit computation that ds,ds, ..., dg vanish on the subvariety of I given by the
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vanishing of the y7. The vanishing of = implies the vanishing of §; (it turns out
that using = is only necessary when F' either has a root of multiplicity 8 or two
roots of multiplicities 2 and 6). The most complicated cases (with many distinct
roots) are more easily dealt with by observing that the coordinate vectors (T
generate k%, so by Theorem 6.11 the vanishing of all y; implies the vanishing of 4.
This applies whenever I’ has at most double roots. O

We now state explicit criteria for the vanishing of § at a point on K. We first exhibit
a sufficient condition. For the following, we fix an algebraically closed field k of
characteristic # 2 and a homogeneous polynomial F' € k[x, z] of degree 8. We
continue to denote by K and § the objects associated to F' via the polynomials
constructed earlier.

Lemma 7.2. Assume that F(z, z) is divisible by x2. Let £ be the coordinate vector

of a point on IC such that &, = & = & =& = 0. Then §(§) = 0.

Proof. Plugging fo = fi = & = & = & = & = 0 into the expressions for the ¢;
gives zero. U

We set

Lo={(&1:...: &) €P 1 & =& =& =& =0}
For F with a multiple root at some point a € P!, let F be the result of acting
on F by a linecar substitution ¢ that moves a to 0; then F is divisible by z2.
We write L, C P7 for the image of Ly under the automorphism of P7 induced
by ¢! (compare Section 4). It can be checked that L, does not depend on ¢. For
example,

Lo={(&:.. .1 &EP &L= =¢=6=0}.
We write A(F) C P! for the set of multiple roots of F'.

Corollary 7.3. If P € KN L, for some a € A(F), then §(P) = 0.

Proof. This follows from Lemma 7.2 by applying a suitable automorphism of P!.
O

Even when F' is not squarefree, we still obtain a matrix My, a point on K and a
quadratic form y7 associated to each factorization F' = G- H of F' into two binary
forms of degree 4. Assume for now that F' # 0 and write

F= F02F1 with F} squarefree.

We define 7 (F') to be the set of such T" associated to factorizations (G, H) with G
and H both divisible by Fy. We also set 7 (0) to be the one-element set {1'}, where
T corresponds to the factorization 0 = 0-0. We write x(T") for the corresponding
point on K with first coordinate 1.
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Lemma 7.4. With the notation introduced above, the following statements are
equivalent for a point on K with coordinate vector &:

(i) For all T € T(F), we have (k(T),d(£))s = 0.

(ii) For allT € T(F'), we have (k(T),£)s = 0.

Proof. By Theorem 6.11 (4), we have for all T € T (F) that yr(£)? = (k(T),5(¢))s,

so (i) is equivalent to yr(€) = 0 for all T € T(F'). One can check by an explicit
computation that the yp for T € T(F) form a basis of the symmetric square of
the space spanned by the linear forms (k(7'),-)g for T' € T(F). This implies that
the vanishing of the yr is equivalent to (ii).

To check the claim made above, we can apply a transformation moving the roots
of Fy to an initial segment of (0,00, 1,a) (where a € k\{0,1}). The most involved
case is when deg Fy = 1 (the case that F' is squarefree itself being dealt with in
Corollary 6.12). We can then take Fy = x and find that the linear forms given by
the T' € T (F) span (&4, &, &7, &) and that the 10 x 10 matrix whose rows are the
coefficient vectors of the yr with respect to the monomials of degree 2 in these
four variables has determinant a power of two times a power of disc(F}), hence is
invertible. The other cases are similar, but simpler. O

Write Kgpoq for the open subscheme K\ {P : (k(T), P)s =0 for all T € T(F)}.
of K. Then the lemma immediately implies the following.

Corollary 7.5. The duplication map 6: K — K is defined on Kgooq and maps Kgood
into itself.

When F' is not a nonzero square, we can show a bit more.

Lemma 7.6. Assume that F is not of the form F' = H?* with H # 0. Let P € K
be such that (k(T),P)s =0 for allT € T(F). Then P € L, for some a € A(F).

Proof. Let £ be a coordinate vector for P. We split the proof into various cases
according to the factorization type of Fy. Note that we can move the roots of Fy
to 0, oo and 1.

1. Fy = x. In this case the assumption is equivalent to £, = & = & = & = 0, so
that P € Lo.

2. Fy = 2%, The assumption is & = & = 0; this implies (using the equations
defining K) & = & =0, so P € Ly.

3. Fy = 2. The assumption is & = 0, which in turn implies & = & = & = 0, so
P e L.

4. Fy = xz. In this case the assumption is £, = & = 0, which then implies
(=& =00r& =& =0,andso Pe Lyor P € L.

5. Fy = 2%z. The assumption is £ = 0, which leads to & = 0 and then to P € L
or P € L.
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6. Fy = zz(x — 2). A similar computation shows that P € Ly U Ly U L.
7. F = 0. Here the assumption is £ = 0. The scheme I N {& = 0} is defined by
the 2 x 2-minors of the matrix

& & &
£ &t+& G|
&4 &% &
writing (§4: &3) = (& : &) = ... = (A @ p), it follows that P € L(y,,). d

Corollary 7.7. If F is not of the form F = H? with H # 0, then the base scheme
of 0 is exactly the complement of Kgood.

Proof. Corollary 7.5 shows that the base scheme of § is contained in K \ Kgood-
So let P € K\ Kgooa. Then by Lemma 7.6, P € L, for some a € A(F), so by
Corollary 7.3, (P) = 0, so P is in the base scheme of 0. O

We now consider the case F' = FZ # 0. Then the curve y*> = F(x,z) = Fy(x, 2)?
splits into the two components y = +Fy(z,2). The points on K correspond to
linear equivalence classes of effective divisors of degree 4, modulo the action of the
hyperelliptic involution. So there are three distinct possibilities how the points
can be distributed among the two components: two on each, one and three, or all
four on the same component. In the last case, we have B = +F mod A, and we
can change the representative so that B = £+ Fj, which makes C' = 0. So the two
components of Pic*(C) consisting of classes of divisors whose support is contained
in one of the two components of C map to a single point w € K, which one can
check coincides with x(7") for the single 7' € T(F). Note that §(x(T)) = 0,
since r(T) = 0. Now a point P on the component of K corresponding to the
distribution of one and three points on the two components, if it is not in the
base scheme of ¢, must satisfy d(P) = w. So for such points we have §(§(P)) = 0,
but 0(P) # 0. Let £ be coordinates for a point P with §(P) = w = x(T'). Then
(R(T),8(6))s = (x(T), w(T))s = 0 (all points on K satisfy (€, €)s = yo(€) = 0). By
Lemma 7.4, this is equivalent to (k(T'),&)s = 0. We write E for the hyperplane

given by (r(T),€)s = 0. In this case, P € K N E does not necessarily imply that
d(P) = 0. But we still have the following.

Lemma 7.8. Assume that F = F} with Fy # 0. If P € K with §(P) = 0, then
P e L, for some a € A(F) (which here is simply the set of roots of Fy).

Proof. We can again assume that the roots of Fjy are given by an initial segment
of (0,00,1,a) (with a # 00,0,1). We consider the various factorization types of Fj
in turn; the computations are similar to those done in the proof of Lemma 7.6.
The most involved case is when Fp has four distinct roots. O



HEIGHTS FOR GENUS 3 HYPERELLIPTIC JACOBIANS 27

We now have a precise description of the base scheme of the duplication map o
on K, which is given by the quartic forms 9.

Proposition 7.9. Let k be an algebraically closed field of characteristic # 2 and
let F' € klz,z] be homogeneous of degree 8. We denote by K and & the objects
associated to F'.

(1) A point P € K is in the base scheme of 0 (so that 6(P) = 0) if and only if
P e L, for some a € A(F).

(2) Assume that F is not of the form F = F? with Fy # 0. If P € K is not in the
base scheme of §, then the same is true for 6(P).

(3) Assume that F = F} with Fy # 0. If P € K\ E, then P is not in the base
scheme of 6 and §(P) ¢ E, so §(P) is not in the base scheme of § either.

Proof.

(1) Corollary 7.3 shows that the condition is sufficient. Conversely, if §(P) = 0,
then Lemmas 7.4, 7.6 and 7.8 show that P € L, for some multiple root a of F.

(2) This follows from Corollaries 7.5 and 7.7.

(3) Recall that P ¢ E <= 0(P) ¢ E by Lemma 7.4. In particular, P ¢ E
implies that §(P) # 0, so P is not in the base scheme of §. The same argument
can then be applied to §(P). O

8. SUM AND DIFFERENCE ON THE KUMMER VARIETY

We consider the composition

TIxT DD TxT 5 Kx K —s BT x BT 38 pos 2 pis
where ‘symm.’ is the symmetrization map that sends a matrix A to A + AT
(identifying the Segre map with the multiplication map

(column vectors) x (row vectors) — matrices ) .

Pulling back hyperplanes, we see that the map is given by sections of 40 x {0} +
{0} x 40, hence symmetric bilinear forms on L(40). The map is invariant under
negation of either one of the arguments, therefore the bilinear forms only involve
even sections. The map can be described by a symmetric matrix B of such bilinear
forms such that in terms of coordinates (w;) and (z;) of the images k(P + Q)
and k(P—Q) of P£Q on K, we have (up to scaling) w;z;+w;z; = 2B;;(k(P), £(Q)).
We normalize by requiring that Bgs(o,0) = 1, where o = (0,...,0,1).

We write Vj for L(40)*; then B can be interpreted as an element 5 of Va@ Vo @ V.
The last factor V5 is identified with the space of symmetric 8 x 8 matrices (whose
entries are thought of representing %(wizj +w,z;) for coordinates w and z of points

in P7) by specifying that a quadratic form ¢ € V; evaluates on such a matrix to
b(w, z) where b is the bilinear form such that ¢(z) = b(z,z). If M is the matrix
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of b and B is the matrix corresponding to the unordered pair {w, z}, then the
pairing is Tr(M " B) = 8(M, B). Put differently, we obtain the (i, j)-entry of the
matrix by evaluating at the quadratic form &;¢;.

The two-torsion group J[2] acts on each factor, and  must be invariant under
the action of J[2] x J[2] such that (7,7") acts via (T,7",T + T") on the three
factors (shifting P by T" and @ by 7" shifts P £ Q by T+ T").

We use the basis of V given by = and yr for the nonzero ‘even’ two-torsion
points T'; for V5 we use the basis dual to (yr)7 ‘even’, Which is given by the linear
forms

. 1
yp: v m(z%m.

If 71, T3, Ty are ‘even’ two-torsion points, then the effect of (T',7") acting on the
corresponding basis element of the triple tensor product is to multiply it by

(T, Th)ea(T", To)eo (T + T, T5) = eo(T, Ty + T3 )ex(T", To + 1) -

If this basis element occurs in § with a nonzero coefficient, then this factor must
be 1 for all T, 7", which means that T} = T, = T3. This shows that we must have

B=> ar(yr @ yr@y;p) + aE@E@y;) .
T+0

If we evaluate at the origin in the first component, we obtain (using that = vanishes
there and that yr(0) = 1 for T'# 0 ‘even’)

Bo =" ar(yr @ yy).

T#0

This corresponds to taking P = O, resulting in the pair @ leading to {x(Q), k(Q)}.
So, taking & as coordinates of @) and using Bgg(0,0) = 1, the (i, j)-component of

this expression, evaluated at & in the (now) first component of f3,, must be &;¢;,

up to a multiple of yq: B

&i&j = Z aryr(&i&;) - yr mod yo .

T#0

In other words, f3,, interpreted as a linear map V5 — Vs, is the canonical map; in
particular, it sends yr to yr for all ‘even’ T" # 0, and so ar = 1 for all T" # 0.
It only remains to find ag, then § is completely determined. We consider the
image of 3 in Sym?V, ® V5, which corresponds to taking P = (. This results
in the unordered pair {2P, O}, represented (according to our normalization) by
the symmetric matrix that is zero everywhere except in the last row and column,
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where it has entries %51, o %57, ds. We obtain (recall that =% = ¢; and 6, = 4q;)

0 ifi,j<8;
D ur @ (&) + aon ® Y5 (6&5) = { 30 ifi<j =8
T#0 b ifi=j=8.

Evaluating at yo = 2(§16s — £267 + §386 — €4&s), we find
aopq1 = 0 = 4q; .

This shows that ap = 4. (Note that if we evaluate at yr, we recover

7
%:Z% [€5€s]yr + 05 - [fényZ&g iTo—j0j + g ).
=1 o
We have shown:

Lemma 8.1. The element 5 € Vo @ Vo ® V5 is given by
B=> yr@yr®@y; +4E0E@y;.
T#0

In terms of matrices, we have

(8.1) 2B(6,0) =Y %MTS +2(©)Z(0)S
T#0

To get the expression for B, note that y} corresponds to the matrix
1 1
7(&&5)), . = —=((21,&&))), . = === MrS..
(yT<€ 5]))27‘7 T(T) ((ZT g g]))%] ST(T) T
The resulting matrix of bi-quadratic forms corresponding to the first summand
n (8.1) has entries that can be written as elements of Z|[fo, ..., fs][{,¢]. The

entries are given in the file Kum3-biquforms.magma at [Data]. More precisely, let

q = &i(fsfs€a + fife€s) + [15283 + f3€286 + f5€387 + fr€6Sr + (§a +&5)Es,
then the entries of
B(£ Q) — 3(a(©a(Q) +E(§)E() S
are (up to addition of multiples of yo(&) and yo(¢)) in Z[fo, ..., fs][€,¢]. (Note
that ¢ = Z mod (2, 1) so that the term in parentheses is divisible by 2.)

We can now use the matrix B to perform ‘pseudo-addition’ on K in complete
analogy to the case of genus two described in [F'S]. This means that given x(P),
k(Q) and k(P — @), we can find k(P + @). This in turn can be used to compute
multiples of points on K by a variant of the usual divide-and-conquer scheme
(‘repeated squaring’).

We can make the upper left entry of B completely explicit.
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Lemma 8.2. Recall that (-,-)s denotes the bilinear form corresponding to the
matriz S. We have

Bii(&,¢) = (€ Q% mod (y0(£), yo(C)) -
Proof. This follows from (zr, %) = [2]lyr = 1 (for T # 0) and Corollary 6.8:

Bu(§¢) =)  —= = (0% D

Corollary 8.3. For two points P,Q € J with images k(P), k(Q) € K, we have
P+Qe0B <= (k(P),k(Q))s=0.

Proof. The bilinear form associated to S vanishes if and only if Byi(k(P), x(Q))
vanishes, which means that & (P + Q)& (P — @) = 0, which in turn is equivalent
toP+QeB®or P—Q€O. O

This is analogous to the duality between the Kummer Surface and the Dual Kum-
mer Surface in the case of a curve of genus two, see [CF, Thm. 4.3.1]. The difference
is that here the Kummer variety is self-dual.

We can now also describe the locus of vanishing of yr on K.

Corollary 8.4. Let T # 0 be an ‘even’ two-torsion point. Then for P € J, we
have that yr(k(P)) = 0 if and only if 2P +T € ©.

Proof. This is because y% = (k(T),d)s (up to scaling). O

For T = 0, we get that =Z(x(P)) = 0 if and only if 2P € ©. This is because
452 == 51.

We formulate an important property of the ‘add-and-subtract’ morphism. We
write a: Sym?K — Sym? K for the map given by B: note that this is defined
for arbitrary F' € k[x, z|, homogeneous of degree 8. Recall the definition of KCgooa
from Section 7.

Lemma 8.5. Let k be an algebraically closed field of characteristic # 2 and let F €
klx, z] be homogeneous of degree 8. We denote by IKC and § the objects associated
to F. Then « is defined on Sym? Keood, and a(Sym? Keood) C Sym? Keood-

Proof. Note that a o« = Sym?§ — this comes from
{(P+Q)+(P-Q),(P+Q)— (P—-Q)}={2P.2Q}.

If we write £ * é' for the symmetric matrix §T -§' + §'T -, then this relation shows
that

(8.2) Cx¢'=2B(E) = 4(§=*d¢)=2B(¢),
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up to a scalar factor, which we find to be 1 by taking £ = &' = (0,...,0,1). Now let
§ and § be projective coordinates of points in Kgooq and write 23({ f ) = ¢*( for
suitable vectors ¢, (’. Then by Corollary 7.5, §(¢) and §(¢) both do not vanish,
s0 0(&) * 4(&) # 0. This implies that ¢.¢ # 0, which shows that « is defined
on Kgooq- If the point given by ¢ * C were not in Sym? Kgood, then iterating o at
most four more times would produce zero by the result of Section 7, but by the
same results, this contradicts the fact that § can be iterated indefinitely on the
points represented by § and é’. O

9. HEIGHTS

We now assume that the curve C (and therefore also the related objects) are
defined over a number field k. We define the naive height on the Jacobian J and
on the Kummer surface K to be the standard height on P7 with respect to the
coordinates (& : ... : &). We denote it by

= logmax{[¢&(P)|y,..., [&(P)l,}  for P e J(k) or K(k)

where v runs through the places of k and the absolute values | - |, are normalized
in such a way as to satisfy the product formula.

Then by general theory (see for example [HS, Part B]) the limit
h(P) = tim M2P)

n—oo n2

exists and differs from h(P) by a bounded amount. This is the canonical height
of P. One of our goals in this section will be to find an explicit bound for

B= sup (h(P)-— E(P)) .
PeJ(k)

We follow the approach that was successful in other situations: we write

h(P) = lim 4 "h(2"P) = +Z4 (41 ((27+1 P) — 4h(2"P))

n—oo
and split the term h(2P) — 4h(P) into local components as follows:
h(2P) — 4h(P) = Z(m]axlog 10;(E(P))o — 4max log & (P Zev

with €,(P) = max; log[0;(£(P))|, — 4 max; log |;(P)[,, which can be deﬁned for
all P € J(k,) or K(k,). Then ¢,: K(k,) — R is continuous, so (since IC(k,) is
compact) it is bounded. If —v, < infpex,) €0(P), then we have

B < Ziéf(n”)% =3

v n=0
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So we will now obtain estimates for 7,. We follow closely the strategy of [Stol].
Note that writing

n—00 J

u(P) = 34702, (21 P) = lim 47" maxlog |8 (§(P))], — max log|&;(P)]
- J
n=0

we also have

~

h(P) = h(P) + 3 m(P).

We assume that the polynomial defining the curve C has coefficients in the ring
of integers of k. Then the matrices My defined earlier for ‘even’ two-torsion
points have entries that are algebraic integers. We use O to denote the ring of all
algebraic integers. Let z = (x1,x9,...,x3) be coordinates of a point on K. Then
Theorem 6.11 tells us that

yT(z)2 - (951@) + Oéz(@) + ...+ O(Sg(g)
and Lemma 6.7 tells us that
1
2 —_—
T+0

Lemma 9.1. Let v be a non-archimedean place of k. Then for P € K(k,), we
have
log |2° disc(F)|, < logmjin 1267(T)?|, < e,(P) <0,

where T runs through the non-trivial ‘even’ two-torsion points.

Proof. Let (x1 : ... : xg) be coordinates for P and write d; = d;(x1,...,xs) for
j=1,...,8. Then for all ‘even’ T # 0
lyr(a, ... 28)f5 < m§X|dj|v
and
ol < mas[8r(T) |,y (o1, )2 < mas[8r(T) |, max ],
S0

e,(P) = log max |d;|, — 4log max ||, > log mj@n 1267(T)?], .

Since r(T')? divides the discriminant disc(F), the first inequality on the left also
follows. The upper bound follows from the fact that the polynomials 9, have
integral coefficients. 0

Since €,(P) is an integral multiple of the absolute value of a uniformizer m,, we
can sometimes gain a little bit by using

eo(P) > —{mTaxv(|26r(T)2|)J log |7y -
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Example 9.2. For the curve
v P=4da" —dx +1,

over Q and v = 2, the discriminant bound gives eo(P) > —22log 2, since the dis-
criminant of the polynomial on the right hand side (considered as a dehomogenized
octic form) has 2-adic valuation 16. The resultants all have the same valuation 3—72,
leading to e5(P) > —(15 4 £)log 2, which can be improved to —15log2, so that

we get —po < 5Hlog2.
Corollary 9.3. Assume that k = Q. Then we have
B < log [2° disc(F)| + 370 -

To get a bound on 7, we use the archimedean triangle inequality. We write 7,(7T")
for the coordinates of a non-trivial ‘even’ two-torsion point 7' (with 7 (7)) = 1)
and v;(T) for the coefficients in the formula for £7, so that we have

532- = Z Uj (Tyr .
T

Lemma 9.4. Let v be an archimedean place of k. Then we have

Proof. Similarly as in the non-archimedean case, we have
8
yr(es, .. xe)ls < Y Im(T)l m?X|dj|v
j=1

and

m]aX |‘T]’3 < mjaxz |Uj<T)‘U|yT(‘r17 s 7x8>|1) .
T
Combining these gives the result. U

We can refine this result somewhat. Define a function

8
FRE — R, (di,..ods) — | D 0Dy | D 17(T)doil,

T i=1
1<5<8

We write ||(z1, ..., 2s8)|l = max{|zy],...,|zs|} for the maximum norm.
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Lemma 9.5. Define a sequence (b,) in R, by

bo=(1,...,1) and bur1 = f(|[bnlllbn) .

Then we have
=

fo(P) = TAN 1 Z 4N log [bn—n o
n=0

for all N >1 and all P € J(C).

Proof. By our previous considerations, it is clear that |J;(z)|, < d; for all j implies
|zl < fi(di,...,ds)forall j. Since f is homogeneous of degree 1/4, we can deduce
by induction on N that

N-1

log |z], <Y 47" 1og ||bx—nlloc + log [6°Y ()]

n=0

for all N > 1. Writing

o = Y47 (47 log [0 (2(2"N P))],, — log [2(2™V P)].) |

m=0

we obtain a lower bound of

N-1
=) 47" log [[by—nlls
n=0

for each of the terms in parentheses. Plugging this estimate into the geometric
series gives the result. U

Example 9.6. For the curve
v =42 — 4z +1,

the bound 74 /3 is 1.15134, whereas with N = 8, we obtain the considerably better
bound —pus < 0.51852.

We can improve this a little bit more if k£, = R, by making use of the fact that the
coordinates of the points involved are real, but the 7;(7") may be non-real. This
can give a better bound on

ly7lo < max

8
Z €iTz'(T)59—i
i=1

[6:<d;
i

v

For the curve above, this improves the upper bound for —p, to 0.43829.

Now we show that in the most common cases of bad reduction, there is in fact no
contribution to the height difference bound.
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Lemma 9.7. Let v be a non-archimedean place of k of odd residue characteristic.
Assume that the reduction of F' at v has a simple root and that the model of C
given by y* = F(x, z) is reqular at v. Then p,(P) = &,(P) =0 for all P € J(k,).

Note that the assumptions on the model are satisfied when v(disc(F)) = 1.

Proof. We work with a suitable unramified extension K of k,, so that the reduc-
tion [ of I splits into linear factors over the residue field. We denote the ring
of integers of K by O. By assumption, F has a simple root, which lifts to a root
of Fin P}(K). We can use a transformation defined over O to move this root
of F' to co. Then we have fg = 0 and v(f7) = 0. We can further scale F' (at the
cost of a further unramified extension) so that f; = 1.

Assume that P € J(K) has ¢,(P) # 0 and let £ be normalized coordinates for
k(P) € K(K) (i.e., such that the coordinates are in O and at least one of them is
in O*). By Proposition 7.9, the reduction of P must lie in some L, where a # oo
is a multiple root of F. We can shift a to 0; then the coordinates &4, &, &7 and &
have positive valuation. We also have v(fy) = 1 (this is because the model is
regular at the point (0 : 0 : 1) in the reduction) and v(f;) > 1 (since a = 0 is a
multiple root of F).

Now assume first that v(&;) = 0; then we can scale £ such that & = 1. We consider
the quantity pg34 introduced in Section 3. By (3.27, we have

[esa = MooM54 + N33Tos + Naamos — 4100M33744 — To3Noanza = fo + (fs — &)&F — &e&a

(note that ny = fs = 0, m3a = fr =1, M3z = fo — 24, N2a = &, Moa = &4, Moz = &o)-
Now since v(fy) = 1 and v(&) > 1, v(&) > 1, we find that 2v(uess) = 1, a

contradiction.

So we must have v(§;) > 0. One can check that

v = (& — &) pors + Erpiazs
Vg = 53M014 - 54#023
v = Ealtoza — Eafl134

are odd functions in L(40), so their squares can be written as quartics in the &;.
It turns out that modulo I = (fo, f1, &1, &4, &6, &7, E8)?, we have

Vi = fols vy = fols vi = fobs .
Since (at least) one of &, &, & is a unit, v(fy) = 1, and everything in I has
valuation at least 2, we obtain a contradiction again.

Therefore ¢,(P) = 0 for all P € J(K), which implies that p,(P) =0 as well. O
Example 9.8. The discriminant of the curve

C:y?=da” —dax+1,
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is 22819 - 223 - 44909. Lemma 9.7 now implies that £,(P) = 0 for all P € J(Q,)
for all places v except 2 and oo, including the bad primes 19, 223 and 44909. So,
using Examples 9.2 and 9.6, we obtain the bound

h(P) < h(P) + 5log 2 + 0.43829 < h(P) + 3.90403
for all P € J(Q).

To compute the canonical height h(P) for some point P € J(Q) (say, for a
hyperelliptic curve C of genus 3 defined over QQ), we can use any of the approaches
described in [MS]. The only caveat is that, contrary to the genus 2 situation,
g, = 0 and p, = 0 are not necessarily equivalent — there can be a difference when
the reduction of F' is a square, so the criterion for a point to be in the subgroup

on which g, = 0 has to be taken as k(P) € Kgp0d(F), where x(P) is the reduction
of k(P) at v and F is the residue class field.

We can describe the subset on which p, = 0 and show that it is a subgroup and
that u, factors through the quotient.

Lemma 9.9. Let v be a non-archimedean place of k of odd residue characteristic.
Write J (ky)gooa for the subset of J(k,) consisting of the points P such that x(P)
reduces to a point in Kgooa(F). Then J(ky)good = {P € J(ky) : po(P) = 0} is
a subgroup of finite index of J(k,), and e, and p, factor through the quotient
j(kv)/j(kv)good-

Proof. That J(ky)gooa is a group follows from Lemma 8.5: If P, and P, are
in J(ky)good, then P; £ P5 reduce to a point in Kguoq as well. This subgroup
contains the kernel of reduction, which is of finite index, so it is itself of finite
index. That J(ky)gooda = {P € J(kv) : po(P) = 0} follows from the results of
Section 7.

It remains to show that p, (and therefore also ¢, since €,(P) = 4, (P) — 11,(2P))
factors through the quotient group. Let P, P’ € J(k,) and let & and &' be coordi-
nate vectors for x(P) and x(P’), respectively. We can then choose coordinate vec-
tors ¢ and ¢’ for k(P'+ P) and x(P’— P), respectively, such that (' = 2B(¢, £').
Iterating the implication in (8.2) then gives - o

0(¢) *4(¢") = 2B(8(¢),4(¢")) .

and we can iterate this relation further. If « is a vector or matrix, then we write
|a, for the maximum of the v-adic absolute values of the entries of a. Define

(P, P") =log [2B(&, £')|w — 21log €], — 21og €],

(this does not depend on the scaling of the coordinate vectors) and note that
¢ % ¢'lo = [Clv - || (here we use that the residue characteristic is odd). We then
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have
eo(P'+ P) +e,(P' = P) =log|4(¢) *é<£/>‘v — 4log|¢ * ',
=log |2B(3(£),4(£))|, — 4log [2B(&,£)],
= £,(2P,2P") 4 21og |0(§) ], + 210g [0(£)].
— 4e,(P, P') 4 8log €], + 8log |£'],
= 2e,(P) + 2&,(P') + &,(2P,2P") — 4¢,(P, P') .
Replacing P and P’ by 2" P and 2" P’, respectively, multiplying the relation by 4="
and adding, we obtain
(9.1) fio(P'+ P) + o (P" = P) = 211, (P) + 2p1,(P') — &, (P, P') .
Now assume that p,(P) = 0. We have to show that u,(P’ + P) = u,(P’). Note
that €,(-, ) is a locally constant function on the compact group J (k,) x J (k,), so
it factors through a finite quotient. In particular, the sequence (5v(P, P —l—nP))nEZ
is periodic. Replacing P’ by P’ +nP in (9.1) above and adding, we get, for every
m &€ Z>0,
o (P4 (m 4+ 1)P) — po (P +mP) — (P — mP) + pu,(P' — (m + 1) P)

= — Z eo(P, P +nP).
The left hand side is bounded independently of m. If €,(P, P’ +nP) were nonzero
(and hence negative) for some n, then it would be < 0 for infinitely many n because

of the periodicity, and this would lead to a contradiction for sufficiently large m.
It follows that e,(P, P' +nP) = 0 for all n, so that

po(P' + (n 4+ 1)P) = 2, (P"+ nP) + py(P'+ (n = 1)P) =0 for all n.

The only bounded sequences (a,)nez satisfying a,1 — 2a, + a,_1 = 0 for all n are
the constant ones. In particular, it follows that p, (P’ 4+ P) = p,(P’) as desired. 0

10. AN APPLICATION

We consider the curve

C:yP—y=2a"—zx,
which isomorphic to the curve

C:y?=da” —dax+1,

which we have been using as our running example. Our results can now be used
to determine a set of generators for the Mordell-Weil group J(Q). This is the
key ingredient for the method that determines the set of integral points on a
hyperelliptic curve as in [BMSST]. We carry out the necessary computations and
thence find all the integral solutions of the equation y? —y = 27 — x.
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A 2-descent on the Jacobian J of C as described in [Sto2] and implemented in
MAGMA [Magma] shows that the rank of 7 (Q) is at most 4. We have #7 (F3) = 94
and #J (F7) = 911, which implies that J(Q) is torsion free (the torsion subgroup
injects into J(IF,) for p an odd prime of good reduction). We have the obvious
points (0,£1), (£1,41), (dw, £1), (£w? £1) on C, where w denotes a primitive
cube root of unity, together with the point at infinity. We can check that the ratio-
nal divisors of degree zero on C supported in these points generate a subgroup G
of J(Q) of rank 4, which already shows that J(Q) = Z*. Computing canonical
heights, either with the approach described in this paper or with the more general
algorithms due independently to Holmes [Hol] and Miiller [Mii2], we find that an
LLL-reduced basis of the lattice (G, h) is given by

P =1[0,1) —o0], P=][(1,1)—00], P3=][(-1,1)— 0],
Pr=1[1,-1)+ (w,—1) + (w*, —1) — 3+ o]
with height pairing matrix

0.17820  0.01340 —0.05683  0.08269
0.01340  0.81995 —0.34461 —0.26775
—0.05683 —0.34461 0.98526  0.37358
0.08269 —0.26775 0.37358  1.07765

M ~

We can bound the covering radius p of this lattice by p? < 0.50752. Using Exam-
ple 9.8, it follows that if G # J(Q), then there must be a point P € J(Q) \ G
satisfying
h(P) < p* + B < 0.50752 + 3.90403 = 4.41155 ,

so that we can write k(P) = (§ : & @ ... : &) € K(Q) with coprime integers &;
such that |¢;] < |e**!15%] = 82. We can enumerate all points in K(Q) up to
this height bound and check that no such point lifts to a point in J(Q) that is
not in G. (Compare [Sto3, §7] for this approach to determining the Mordell-Weil
group.) We have therefore proved the following.

Proposition 10.1. The group J(Q) is free abelian of rank 4, generated by the
points Py, Py, Py and Py.

A Mordell-Weil sieve computation as described in [BS] shows that any unknown
rational point on C must differ from one of the eleven known points

0o, (—1,£1), (0,£1), (3,£5), (1,£1), (5,%559)
by an element of B - 7(Q), where
B=2°3%5%72.11-13-17-19-23-29-31-37-43-47-53-61-71-79-83-97 ~ 1.1-10* .

In particular, we know that every rational point is in the same coset modulo 2.7 (Q)
as one of the known points. For each of these cosets (there are five such cosets: the
points with z-coordinate 1/4 are in the same coset as those with z-coordinate 0),
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we compute a bound for the size of the x-coordinate of an integral point on C with
the method given in [BMSST]. This shows that

log |z| < 2-10"*

for any such point (z,y). On the other hand, using the second stage of the Mordell-
Weil sieve as explained in [BMSST], we obtain a lattice L C Z* of index =
2.3 - 10%% such that the minimal squared euclidean length of a nonzero element
of L is ~ 2.55 - 10'?*? and such that every rational point on C differs from one of
the known points by an element in the image of L in 7 (Q) under the isomorphism

VAR (Q) given by the basis above. This is more than sufficient to produce a
contradiction to the assumption that there is an integral point we do not already
know. We have therefore proved:

Theorem 10.2. The only points in C(Q) with integral x-coordinate are
(_17 :i:l) ’ (07 :tl) ) (17 il) ) (57 i559) :

In particular, the only integral solutions of the equation

v -y=1"—u

are (xz,y) = (=1,0), (=1,1), (0,0), (0,1), (1,0), (1,1), (5,280) and (5, —279).

11. QUADRATIC TWISTS

Let F be a squarefree octic binary form over a field k£ not of characteristic 2 and
let ¢ € k*. Then the Kummer varieties I and K(© associated to F and to cF,
respectively, are isomorphic, with an isomorphism from the former to the latter
being given by

(G1:&:& ... & &) r— (Gica eyt ... ki PEs).

We can therefore use K as a model for the Kummer variety associated to the
curve C9: 92 = ¢F(x,z). This will in general change the naive height of a point
P € J9(Q), but will not affect the canonical height, which is insensitive to
automorphisms of the ambient P”. The duplication map is preserved by the iso-
morphism. This implies that the height difference bounds of Lemmas 9.1 and 9.5
for F' apply to K, even when K is used as the Kummer variety of C(©. This is
because these bounds are valid for all k,-points on K, regardless of whether they
lift to points in J(k,) or not. Note, however, that the result of Lemma 9.7 does
not carry over: in the interesting case, ¢ has odd valuation at v, and so we are in
effect looking at (certain) points on J defined over a ramified quadratic extension
of k,. Since in terms of the original valuation, the possible values of the valuation
on this larger field are now in %Z, the argument in the proof of Lemma 9.7 breaks
down.
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When working with this model, one has to modify the criterion for a point to lift
to J (k) by multiplying the p;;, by c.

As an example, consider the curve given by

AN A
2) \7)°
It is isomorphic to the curve

C:y® =170(z" — 142° + 492® — 362 + 630) = T0F (z,1)

where F' is the obvious octic binary form. The 2-Selmer rank of its Jacobian [J
is 9, J(Q) is torsion free, and the subgroup G of J(Q) generated by differences
of the 27 small rational points on C has rank 9 with LLL-reduced basis

(—2,210) — o0, (1,210) — o0, (3,210) — oo,
(2,210) — 00, (—3,210) — o0, (4,630)— o0,
(=3, —112) 4 (3,210) + (4,630) — 300,
(0,210) — o0, (6,3570) — .
We would like to show that these points are actually generators of J(Q).

Using the Kummer variety associated to 70F', we obtain the following bound for
iy at the bad primes and infinity (using the valuations of the resultants r(7),
Lemma 9.7 and Lemma 9.5):

pp > —6log2, s> —log3, ps>—logh, pr>-—3%log7,
pis =0, gy > —3210g17,  pusrirrasess =0, freo > —0.6152.
The resulting bound = 20.88 for h — h is much too large to be useful.
However, using the Kummer variety associated to F', we find
py > —2log2, p3>—log3, ps>—3logh, pr=0,
pas =0, a7 > —21og17, puspirrazess =0, fieo > —0.6152.

This gives a bound of &~ 9.55 (now for a different naive height), which is already
a lot better, but still a bit too large for practical purposes. Now one can check
that for a point P € J(Q,) with p € {5,17}, we always have £(2P) € Kgp0q. This
implies that we get a better estimate

h(2P) < h(2P) + L1og 6 + 0.6152 < 1(2P) + 6.588

for P € J(Q). A further study of the situation at p = 3 reveals that uz factors
through the component group ® of the Néron model of 7 over Zs, which has the
structure Z /3% x Z/AZ x Z/27Z, and that the minimum of 3 on 2 is —32 log 3.
This leads to

(11.1) h(2P) < h(2P) 4+ 4.757 .
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We enumerate all points P in J(Q) such that h(P) < log2000 using a p-adic
lattice-based approach with p = 277: For each of the 10965 233 points x(0) #
Q € K(F,) that are in the image of J(F,), we construct a sublattice Lg of Z®
such that for every point P € J(Q) such that x(P) reduces mod p to Q, every
integral coordinate vector for x(P) is in Lg and such that (Z® : Lg) > p'!. We
then search for short vectors in L, thus obtaining all points of multiplicative naive
height < 2000. Note that all these points are smooth on K over F,, since #7 (F,)
is odd. This computation took about two CPU weeks. For points reducing to the
origin, we see that the quadratic equation satisfied by points on K forces & to
be divisible by p? > 2000, so & = 0, and every such point must be on the theta
divisor. A point P = [P, + P, — 2 - 00| € J(Q) reduces to the origin if and only
if the points P, and P, reduce to opposite points; in particular, the polynomial
whose roots are the z-coordinates of P, and P reduces to a square mod p. Since
the coefficients are bounded by 7 = [2000/p|, divisibility of the discriminant by p
implies that the discriminant vanishes, so that P; = P,, and the point P does not
reduce to the origin, after all.

We find no point P such that 0 < h(P) < h(P;) ~ 1.619, where P; is a known
point of minimal positive canonical height, and no points P outside G such that

h(P) < 2.844 =~ log 2000 — 4.757. Since the bound (11.1) is only valid on 27 (Q),

this implies that there are no points P € J(Q) with 0 < h(P) < 0.711 =: m.
Using the bound (see [FS])

9
]4 MJ§”87

m9

for the index of the known subgroup in J(Q), where 79 denotes the Hermite
constant for 9-dimensional lattices and M is the height pairing matrix of the basis
of the known subgroup of J(Q), we see that it suffices to rule out all primes up
to 1787 as possible index divisors. We therefore check that the known subgroup G
is in fact saturated at all those primes with the method already introduced in [FS]:
to verify saturation at p, we find sufficiently many primes ¢ of good reduction such
that #J (F,) is divisible by p (usually nine such primes will suffice) and check that
the kernel of the natural map

G/pG — | [ T(Fy)/pT (F,)

is trivial. This computation takes a few CPU days; the most time-consuming task
is to find #J (F,) for all primes ¢ up to ¢ = 322 781 (which is needed for p = 1471).
This gives the following result.
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Theorem 11.1. The points [P; — oo| freely generate J(Q), where the P; € C(Q)
are the points with the following x-coordinates and positive y-coordinate:

-3, -2, —=2,0,1,2,3,4,6.

In principle, one could now try to determine the set of integral points on C with
the method we had already used for y?> —y = 2" —x. However, a Mordell-Weil sieve
computation with a group of rank 9 is a rather daunting task, which we prefer to
leave to the truly dedicated reader.
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