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ABSTRACT. We study the number of irreducible factors (over Q) of the nth iterate of a polynomial
of the form f,(z) = z* + r for r € Q. When the number of such factors is bounded independent
of n, we call f,(x) eventually stable (over Q). Previous work of Hamblen, Jones, and Madhu [8]
shows that f, is eventually stable unless r has the form 1/c for some ¢ € Z\ {0, —1}, in which case
existing methods break down. We study this family, and prove that several conditions on ¢ of
various flavors imply that all iterates of f,. are irreducible. We give an algorithm that checks the
latter property for all ¢ up to a large bound B in time polynomial in log B. We find all c-values for
which the third iterate of f,. has at least four irreducible factors, and all c-values such that f /.
is irreducible but its third iterate has at least three irreducible factors. This last result requires
finding all rational points on a genus-2 hyperelliptic curve for which the method of Chabauty and
Coleman does not apply; we use the more recent variant known as elliptic Chabauty. Finally, we
apply all these results to completely determine the number of irreducible factors of any iterate of
fi1/e, for all ¢ with absolute value at most 10°.

1. INTRODUCTION

Let K be a field with algebraic closure K, f € K[x], and a € K. For n > 0, let f"(z) be the
nth iterate of f (we take fO(x) = z), and f~"(a) the set {8 € K : f*(8) = a}. When f"(z) — «
is separable over K for each n > 1, the set Ty(a) := | ],,~o f " («) acquires the structure of a
rooted tree (with root ) if we assign edges according to the action of f.

A large body of recent work has focused on algebraic properties of T¢(«r), particularly the
natural action of Gal(K/K) on T¢(a) by tree automorphisms, which yields a homomorphism
Gal (K/K) — Aut(Tf(«)) called the arboreal Galois representation associated to (f, ). A central
question is whether the image of this homomorphism must have finite index in Aut(T(«)) (see
[12] for an overview of work on this and related questions). In the present article we study
factorizations of polynomials of the form f"(x) — « in the case where a = 0.

Definition 1.1. Let K be a field and f € K[z], and o € K. We say (f, «) is eventually stable
over K if there exists a constant C(f,a) such that the number of irreducible factors over K of
f™(x) — a is at most C(f,«) for alln > 1.

We say that f is eventually stable over K if (f,0) is eventually stable.

Apart from its own interest, eventual stability has proven to be a key link in at least two
recent proofs of finite-index results for certain arboreal representations [4, 3]. This is perhaps
surprising given that eventual stability is a priori much weaker than finite index of the arboreal
representation — the former only implies that the number of Galois orbits on f~"(«) is bounded
as n grows, which is an easy consequence of the latter. There are other applications of eventual
stability as well; for instance, if f € Q[z] is eventually stable over Q, then a finiteness result holds

for S-integer points in the backwards orbit of 0 under f (see [13, Section 3| and [18]).
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The paper [13] provides an overview of eventual stability and related ideas. That article defines
a notion of eventual stability for rational functions, gives several characterizations of eventual
stability, and states some general conjectures on the subject, all of which remain wide open. For
example, a special case of [13, Conjecture 1.2] is the following: if f € Q[z] is a polynomial of
degree d > 2 such that 0 is not periodic under f (i.e. f™(0) # 0 for all n > 1), then f is
eventually stable over Q. Theorems 1.3 and 1.7 of [13] also provide some of the few reasonably
general results currently available on eventual stability. The proofs rely on generalizations of the
Eisenstein criterion, and crucially assume good reduction of the rational function at the prime in
question.

In this article, we address some of the conjectures in [13] in cases where Eisenstein-type methods
break down. One of our main results is the following:

Theorem 1.2. Let K = Q and f.(x) = 2% +r with r = 1/c for ¢ € Z\ {0,—1}. If || < 107,
then f, is eventually stable over Q and C(f,,0) < 4. More precisely, Conjecture 1.7 below holds
for all ¢ with |c|] < 10°.

The family 22 + (1/c), ¢ € Z \ {0, —1}, is particularly recalcitrant. Eventual stability in this
family (with a = 0) is conjectured in [13, Conjecture 1.4], and it is the only obstacle to establishing
eventual stability (with a = 0) in the family 2% + r,7 € Q. This is because [13, Theorem 1.7]
handles the case when there is a prime p with v,(r) > 0. Moreover, [13, Theorem 1.3] uses p = 2
to establish eventual stability for 22 + 1/c when c is odd, but when c is even 22 + 1/c has bad
reduction at p = 2, and Eisenstein-type methods break down completely.

We turn to methods inspired by [10], in particular various amplifications of [10, Proposition 4.2]
and [11, Theorem 2.2], which state that the irreducibility of iterates can be proven by showing a
certain sequence contains no squares. We prove the following theorem, which plays a substantial
role in the proof of Theorem 1.2. For the rest of the article, we establish the following conventions:

all irreducibility statements are over Q; and r = 1/¢, where c is a non-zero integer.
Also, we denote by Z \ Z? the set of integers that are not integer squares.
Theorem 1.3. Let f.(v) = 2? +r with r = 1/c for c € Z\ {0, —1}. Then f(z) is irreducible for
all n > 1 if ¢ satisfies one of the following conditions:

(1) —c€Z\Z? and c < 0;

(2) —¢,c+1€Z\Z? and ¢ = —1 mod p for a prime p = 3 mod 4;

(3) —c,c+ 1€ Z\Z? and c satisfies one of the congruences in Proposition 3.5 (see Table 1).

(4) —c € Z\ Z?* and c is odd;

(5) —c € Z\ Z2, c is not of the form 4m*(m? —1),m € Z, and

H p’Up(C)
p:2fvp(c) > 1.15
ll_[( )pvp(c) |C’1/30'
p:2|vp(c

This holds whenever c is squarefree.
(6) ¢ = k? for some k > 2 and

vp(c)
p:pZl mod 4 1.15
H pvp(c) > ‘6’1/30'
p:p=1 mod 4
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(7) ¢ is not of the form 4m?(m? — 1) with m € Z and 1 < ¢ < 10109,

Our next result gives an explicit and relatively small bound for m such that the irreducibility
of f™ implies the irreducibility of all f™ (see Corollary 4.6). In the following, £(c) is a function
that decreases monotonically to 2 as ¢ grows; for a precise definition, see p. 20 in Section 4.

Theorem 1.4. Let f.(x) = 2? +r with r = 1/c for ¢ € Z with ¢ > 4. If f™ is irreducible for

log4 + E(C)/ﬁﬂ
og(1+1/vo) /1’

m=1+ {logQ(l—k

then all f™ are irreducible.

The methods used in the proof of this result can be used to derive a very efficient algorithm
that checks the condition in Theorem 1.4 for all ¢ up to a very large bound. This leads to a proof
of case (7) of Theorem 1.3, which at the same time verifies Conjecture 1.8 below for all ¢ with
lc| < 1009, This is explained in Section 5.

We also prove results on unusual factorizations of small iterates in the family 22 + 1/c.

Theorem 1.5. Let f.(x) = x? +r with r = 1/c for ¢ € Z\ {0, —1}, and let k,, denote the number
of irreducible factors of f}*(x). Then
(a) We have k1 = ko = 2 and ks = 3 if and only if c = —16. In this case ky, = 3 for all n > 3.
(b) We have k3 > 4 if and only if c = —(s*> — 1)? for s € {3,5,56}. In this case, k1 = 2,
ko =3, and k, = 4 for all n > 3.
(c) We have k1 =1 and k3 > 3 if and only if c = 48. In this case, ko = 2 and k, = 3 for all
n > 3.

Observe that part (b) of Theorem 1.5 shows that the bound C(f,,0) < 4 in Theorem 1.2 (and
also Conjecture 1.7) cannot be improved. Moreover, a consequence of Conjecture 1.7 is that
C(f-,0) =4 if and only if ¢ = —(s®> — 1)2 for s € {3, 5, 56}.

To prove Theorem 1.5, we reduce the problem to finding all integer square values of certain
polynomials (see Lemma 2.2 in Section 2 for details.) The curve that arises in this way in the
proof of part (c) of Theorem 1.5 is of particular interest, as it is a hyperelliptic curve of genus
two, whose Jacobian has rank two:

(1.1) y? = 82% — 122" — 423 + 42® + 42 + 1.

Because the genus and the rank of the Jacobian coincide, we cannot apply the well-known method
of Chabauty and Coleman. On the other hand, we are able to use a variant of the standard method,
called elliptic Chabauty [5, 7], to prove:

Theorem 1.6. The only rational points on the curve (1.1) are those with v € {—2,—1,0,1}.

The idea is the following. Given an elliptic curve E over a number field K and a map
¢ : E — P! then one can often compute the set of points in F(K) mapping to P'(Q) as
long as the rank of F(K) is strictly less than the degree of the extension K/Q; this method
is known as elliptic Chabauty. Moreover, in certain situations, one can use a combination of
descent techniques and elliptic Chabauty to determine the full set of rational points on a curve
C (of higher genus) defined over Q; see, for instance, the proof of Theorem 1.6. Moreover, un-
der suitable conditions, several components of the elliptic Chabauty method are implemented
in MAGMA [2], and we make use of these implementations here. Our code verifying the cal-
culations in the proof of Theorem 1.5 can be found within the file called Elliptic Chabauty at:
https : //sites.google.com/a/alumni.brown.edu/whindes/research.
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The above results furnish evidence for several conjectures. The first is a refinement of Conjec-
ture 1.4 of [13], which states that 2% + 1 is eventually stable for ¢ € Z \ {0, —1}.

Conjecture 1.7. Let f.(z) = 2? +r with r = 1/c for ¢ € Z\ {0,—1}. Then f, is eventually
stable and C(f,0) < 4. More precisely, let k,, denote the number of irreducible factors of f*(z).
Then

(1) If c=—m? form >0 with m+1 € Z\ Z? and m # 4, then k, = 2 for alln > 1.
(2) Ifc:—16 then k1 = ko = 2 and k, = 3 for all n > 3.
(3) Ifc: —(s%2 —1)2 for s € Z\ {3,5,56}, then k1 = 2 and k,, = 3 for all n > 2.
(4) If c = —(s? 1)2 for s € {3,5,56}, then k1 =2, ko = 3, and k, = 4 for all n > 3.
(5) I c—4m (m? —1) form € Z, m >3, then ky = 1 and k,, =2 for alln > 2.
(6) If c =48, then k1 =1, ko =2, and k, = 3 for all n > 3.
(7) If ¢ is not in any of the above cases, then ky, =1 for all n > 1.
We remark that case (7) of Conjecture 1.7 is precisely the case where f2(z) is irreducible (see
Proposition 2.1) and thus case (7) asserts that if f2(z) is irreducible, then f7(z) is irreducible for
all n > 1. We state this as its own conjecture:

Conjecture 1.8. Let f.(x) = 2% +r with r = 1/c for ¢ € Z\ {0,—1}. If f?(x) is irreducible,
then f'(x) is irreducible for alln > 1.

As mentioned above, we have verified this conjecture for all ¢ with |¢[ < 10100,

Observe that Conjecture 1.7 gives a uniform bound for k,,, in contrast to Conjecture 1.4 of [13].
It would be of great interest to have a similar uniform bound for f,.(z) as r is allowed to vary
over the entire set Q \ {0, —1} (as opposed to just the reciprocals of integers, as in Conjecture
1.7). We pose here a much more general question. Given a field K, call f € K[z] normalized
(the terminology depressed is also sometimes used, especially for cubics) if deg f = d > 2 and
f(z) = agz?® + ag_ox?? + ag_32% 3 + a12 + ag. Note that every f € K[z] of degree not divisible
by the characteristic of K is linearly conjugate over K to a normalized polynomial.

Question 1.9. Let K be a number field and fix d > 2. Is there a constant x depending only on d
and [K : Q] such that, for all normalized f € Klz| of degree d such that 0 is not periodic under
f, and allmn > 1, f"(x) has at most k irreducible factors? In the case where K = Q, d =2, and
f is taken to be monic, does the same conclusion hold with k = 47

It is interesting to compare Question 1.9 to [1, Question 19.5], where a similar uniform bound
is requested, but under the condition that f~1(0) NPY(K) = 0.

We close this introduction with some further comments on our methods, as well as the statement
of one additional result (Theorem 1.12) on the densities of primes dividing orbits of polynomials
of the form x? + 1/c.

A primary tool in our arguments is the following special case of [11, Theorem 2.2]: for n > 2,
f7 is irreducible provided that f"~! is irreducible and f7(0) is not a square in Q. The proof
of this relies heavily on the fact that f. has degree 2, and is essentially an application of the
multiplicativity of the norm map. Using ideas from [11, Theorem 2.3 and discussion preceding],
one obtains the useful amplification (proven in Section 3) that for n > 2, f* is irreducible provided
that 7! is irreducible and neither of (f7~1(0) 4 /f7(0))/2 is a square in Q. When r = 1/c, we
have

fr(0)=1/¢c, f20)=(c+1)/2, f0)=(C+E+2+1)/c
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and so on. The numerator of f7(0) is obtained by squaring the numerator of f7~1(0), and adding
¢"7'=1. We thus introduce the family of sequences

(1.2) ai(c) =1, an(c) = an_1(c)* + A forn > 2.

To ease notation, we often suppress the dependence on ¢, and write aj,as, etc. We can then
translate the results of the previous paragraph to:

Lemma 1.10. Suppose that c € Z\ {0}, r = 1/c, and f? is irreducible. Let a,, = a,(c) be defined
as in (1.2), and set

(1.3) by = % Vin c Q.

If for every n > 3, by, is not a square in Q (which holds in particular if a, is not a square in Q),
then f'(x) is irreducible for all n > 1.

We make the following conjecture, which by Lemma 1.10 immediately implies Conjecture 1.8:

Conjecture 1.11. Let b, = by(c) be defined as in (1.3). If ¢ € Z\ {0,—1}, then b, is not a
square in Q for all n > 3.

Conjecture 1.11 also has strong implications for the density of primes dividing orbits of f.. We
define the orbit of ¢t € Q under f, to be the set Oy, (t) = {t, f,(t), f?(t),...}, and we say that a
prime p divides Oy, (t) if there is at least one non-zero y € Oy, (t) with v,(y) > 0. The natural
density of a set S of prime numbers is defined to be

D(S) = lim TPEBiPES)

B—oo #{p <B }
Note that the elements of Oy, (t) also form a nonlinear recurrence sequence, where the relation is
given by application of f.. The problem of finding the density of prime divisors in recurrences has
an extensive literature in the case of a linear recurrence; see the discussion and brief literature
review in [10, Introduction]. The case of non-linear recurrences is much less-studied, though there
are some recent results [8, 10, 17]. The following theorem is an application of [8, Theorem 1.1,
part (2)].

Theorem 1.12. Let ¢ € Z, let r = 1/c, suppose that —c and ¢ + 1 are non-squares in Q, and
assume that Conjecture 1.11 holds for c. Then

(1.4) for any t € Q we have D({p prime : p divides Oy, (t)}) = 0.

We remark that in each of the cases of Theorem 1.3, we show that Conjecture 1.11 holds for
c. Hence in cases (2), (3), and (6) of Theorem 1.3, and also in cases (1), (4), and (5) with the
additional hypothesis that ¢+ 1 is not a square in Q, we have that (1.4) holds. We also note that
when the hypotheses of Theorem 1.12 are satisfied, we obtain certain information on the action
of Gg on T¢(0) = |,,~0 f~"(0); see Section 6.

A complete proof of Conjecture 1.11 appears out of reach at present. One natural approach is
to prove the stronger statement that a, is not a square for each n > 3, or equivalently that the
curve

(1.5) Crn 1 y° = an(c)

has no integral points with ¢ ¢ {0,—1} for any n > 3. It is easy to see that a,(c) is separable
as a polynomial in ¢ (one considers it as a polynomial in Z/2Z[c|, where it is relatively prime to
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its derivative), and because the degree of a,(c) is 2"~ — 1, it follows from standard facts about
hyperelliptic curves that the genus of C), is 2772 — 1. Siegel’s theorem then implies that there
are only finitely many ¢ with a,(c) a square for given n > 3. However, the size of the genus
of C, prevents us from explicitly excluding the presence of integer points save in the cases of
n =3 and n = 4 (see Proposition 3.3). One idea that has been used to show families of integer
non-linear recurrences contain no squares (see e.g. [19, Corollary 1.3] or [10, Lemma 4.3]) is to
show that sufficiently large terms of each sequence are sandwiched between squares: they are
generated by adding a small number to a large square. In the case of the family a,(c), however,
the addition of the very large term 2" 7'=1 to the square a?%l ruins this approach. A similar
problem is encountered in a family of important two-variable non-linear recurrence sequences first
considered in [14] (see [14, Theorem 1.8]). The main idea used in [14] to show the recurrence
contains no squares is to rule out certain cases via congruence arguments. This is the essence
of our method of proof for cases (2) and (3) of Theorem 1.3. Subsequently Swaminathan [22,
Section 4] amplified these congruence arguments and gave new partial results using the idea of
sandwiching terms of the sequence between squares. In the end each of these methods succeeds in
giving only partial results, applicable to c-values satisfying certain arithmetic criteria. It would be
of great interest to have a proof of Conjecture 1.11 for c-values satisfying some analytic criterion,
e.g., for all ¢ sufficiently large. Case (1) of Theorem 1.3 provides one result with this flavor, but
at present no other results are known.

Acknowledgements: We thank Jennifer Balakrishnan for conversations related to the proof
of Theorem 1.6, and the anonymous referee for many helpful suggestions.

2. THE CASE WHERE f,(z) OR f2(x) IS REDUCIBLE

We begin by studying the factorizations of iterates of f.(z) when either f.(x) or f?(x) is
reducible. The behavior of higher iterates becomes harder to control because of the presence of
multiple irreducible factors of the first two iterates, but we are still able to give some results. At
the end of this section we prove Theorem 1.5, which gives a complete characterization of certain
subcases.

Proposition 2.1. Let f.(z) = 2? + r with r = 1/c for ¢ € Z\ {0,—1}. Then f.(z) is reducible
if and only if c = —m? for m € Z. If f,(z) is irreducible, then f2(z) is reducible if and only if
c=4m*(m? — 1) for m € Z.

Proof. The first statement is clear. Assume now that f,(x) is irreducible over Q. Let « be
a root of f?(x), and observe that f,.(«) is a root of f.(z), and by the irreducibility of f.(z),
we have [Q(f-(a)) : Q] = 2. Now f2(x) is irreducible if and only if [Q(«) : Q] = 4, which is
equivalent to [Q(a) : Q(f-(a))] = 2. But « is a root of f.(z) — fr(a) = 2% +r — f.(a), and so
[Q(a) : Q(fr())] = 2 is equivalent to f.(«) — r not being a square in Q(f,(«)).

Without loss of generality, say f.(a) = v/—r. Then f.(a) —r is a square in Q(f-()) if and
only if there are s, 59 € Q with

—r 4+ /=1 = (514 s9v/—7)? = 57 — 1535 + 25159/ —T.

This holds if and only if 2s1s2 = 1 and s? — rs3 = —r. Substituting sy = 1/(2s1) into the second

equation and multiplying through by s? gives s{ +7s? —r/4 = 0, which by the quadratic formula
holds if and only if

—r+Vr24+r

2.1 2 _
(2.1) 51 9
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or equivalently, 2¢(—1++/1 + ¢) is an integer square (here we have written 1 /¢ for r and multiplied
both sides of (2.1) by 4c?). If ¢ < —1, then /1 + c is irrational, so we may assume ¢ > 0. We
may then discard the — part of the +, since integer squares are positive. Writing ¢ = k? — 1 for
k > 0, we then obtain that 2(k? — 1)(—=1+k) = 2(k + 1)(k — 1)? is a square, whence k + 1 = 2m?
for some integer m. Thus ¢ = k? — 1 = (2m? — 1)2 — 1 = 4m* — 4m?, as desired. O

We now give a lemma, closely related to [10, Proposition 4.2], which we will use often in the
sequel.

Lemma 2.2. Let K be a field of characteristic not equal to 2, let g € K|x] be monic of degree
d > 1 and irreducible over K, and let f(x) be monic and quadratic with critical point . If no
element of

{(=D)%(fF(}U{g(f" (7)) :n > 2}

is a square in K, then g(f™(x)) is irreducible over K for alln > 1.

Proof. Let f(x) = 22+bx+c, so that v = —b/2. We proceed by induction on n, with the n = 0 case
covered by the irreducibility of g(z). Assume then that g(f"~!(x)) is irreducible over K for some
n > 1, and let d; be the degree of g(f"~1(z)). By Capelli’s Lemma ([6, Lemma 0.1]), g(f™(x)) is
irreducible over K if and only if for any root 3 of g(f"~!(z)), we have f(x)— f3 is irreducible over
K (), or equivalently (because K has characteristic different from 2), Disc(f(x)—3) = b*> —4c+4p3
is not a square in K(f3).

This must hold if Ny g /K(b2 — 4¢ + 4p) is not a square in K. The Galois conjugates of
b2 — 4c + 4P are precisely b?> — 4c + 4a as « varies over all roots of g(f"~!(z)). Thus

N —te+49) = o T [(<G+e)-a

o root of go fP—1

= ()" g(f"H A+ ) = () g(fTHI))),

where the second equality holds because g(f" ! (x)) is monic. Now d; is odd if and only if n = 1

and d is odd, which proves the Lemma. O
2.1. The case of f, reducible. When ¢ = —m? for some m > 1, we fix the notation
1 1
2.2 e — d - il
(22) g =z— - and  p@)=ct o,

so that f.(x) = g1(x)g2(x). We exclude the case m = 1 in what follows, as in that case f,(z) is
not eventually stable (see [13, discussion following Corollary 1.5]).

Proposition 2.3. Let r = 1/c and ¢ = —m? for m > 2. Let g1 and g2 be as in (2.2). Then the
following hold.

(1) We have ga(fr(x)) irreducible, while g1(fr(x)) factors if and only if m + 1 is a square in
Q.

(2) If g1(fr(z)) is irreducible, then g1 (f"(x)) is irreducible for all n > 2.

(3) If every term of the sequence {g2(fi(0))}i>2 is a non-square in Q, then ga(f*(x)) is irre-
ducible for all n > 2.

Proof. The first item follows from observing that g1 (f,(2)) = 22 — 25 and go(fr(x)) = 22 + 2551

m2
The latter is irreducible because m > 2 implies (m — 1)/m? > 0. Item (3) is an immediate
consequence of item (1) and Lemma 2.2 (with g = ga0 f, and f = f,.). To prove item (2), observe
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that g1(f(0)) = f(0) — 1. However, one easily checks that 2% — i maps the interval (—1/m,0)
into itself, and in particular, f/*(0) < 0 for all n > 1. Thus gl( ff( )) < 0 as well, and hence
cannot be a square in Q. Item (2) now follows from Lemma 2.2 with g =g 0 f, and f = f,. O

Proposition 2.4. Let r = 1/c and ¢ = —m? for m > 2, and let g1 and g2 be as in (2.2). Then
g2(£%(0)) is a square in Q if and only if m = 4. Moreover, go(f2(x)) is reducible if and only if
m = 4.

Proof. Observe that

m3 —m2+1
4 b

92(f2(0)) =

and hence g2(f2(0)) is a square in Q if and only if the elliptic curve y? = 23 — 22 + 1 has an
integral point with = m. This is curve 184.al in the LMFDB [16], and has only the integral
points (0, £1), (1,+£1), (4, £7). Because m > 2, the only m-value for which ga(f?(0)) is a square
is m = 4. If m # 4, then [10, Proposition 4.2] (or the proof of Lemma 2.2, with ¢ = g5 o f, and
f = f,) shows that go(f2(z)) is irreducible. On the other hand, if m = 4, then

m
3

gg(ff(x)) = (22 — 2 +7/16)(z% + z + 7/16),

showing that go(f2(z)) is reducible. We return to the analysis of the case m = 4 in Proposition
2.10. t

We now seek to give congruence conditions on m that ensure the sequence (g2(f7(0)))n>2
contains no squares in Q. Prime factors of the numerators of the terms of this sequence are often
related to each other. To formalize this, we require the following definition.

Definition 2.5. A sequence (sp)n>1 is a rigid divisibility sequence if for all primes p we have the
following:

(1) if vp(sn) =€ >0, then vy(Smn) =€ for allm > 1, and
(2) if vp(sn) > 0 and vy(s;) > 0, then Up(Sgcd(n,j)) > 0.

Remark 2.6. If (s,)n>1 is a rigid divisibility sequence and s; = 1, then from (2) it follows that if
p | ged(sn, sp—1) then p | s = 1, which is impossible. Hence ged(sy, sp—1) = 1 for all n > 2. A
similar argument shows that for ¢ prime we have ged(sq,s;) =1 for all 1 <i <g.

Proposition 2.7. Letr = 1/c and c = —m? for m > 2, and let g3 be as in (2.2). Then go(f"(x))
is irreducible for all n > 2 provided that m # 4 and at least one of the following holds:

m=3 (mod 4) m=3 (mod 5)
m=2,5,6 (mod 7) m=4,6,7 (mod 11)
m = 8,10 (mod 13) m=2,4,7,8,9,11,15 (mod 17)
m=3,5,11 (mod 19) m = 9,11,14, 15, 18,20, 21, 22 (mod 23)
m = 3,19, 26 (mod 29) m=2,12,30 (mod 31)
m = 6,20 (mod 37) m = 12,14,27,29 (mod 41)
m = 15,21,30 (mod 43) m=9,22,38,46 (mod 47)
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If in addition m — 1 is not a square in Q, then the following congruences also suffice:

m=2 (mod 3) m=5 (mod 8)
m = 10 (mod 11) m =18 (mod 19)
m=2,13 (mod 23) m = 8,10, 14 (mod 29)
m=9,26 (mod 31) m = 13,31 (mod 37)
m = 3,11,19,37,38 (mod 41) m = 22, 36,39, 42 (mod 43)
m = 3,10 (mod 47)

Proof. By part (3) of Proposition 2.3, it suffices to show that g2(f(0)) is not a square in Q for
all n > 2. Note that for each n > 1, go(f771(0)) is a positive rational number with denominator
m2""", and numerator prime to m. We take w, to be the numerator of go(f71(0)). We first
observe that the proof of [10, Proposition 5.4] shows that the sequence (wy,),>1 is a rigid divisibility
sequence. In particular, if ws is not a square in QQ, then because wo > 0 we must have some prime
p dividing ws to odd multiplicity, and the rigid divisibility condition implies that ws; is not a
square for all j > 2. A similar argument shows that if w3 is not a square in Q, then neither is ws;
for all 7 > 1.

By Proposition 2.4 and our assumption that m # 4, we have that go(f2(0)) is not a square in
Q. It follows that ws; is a non-square for all j > 1.

Now for a given modulus k£ and m # 0 mod k, the sequence (g2(f;*(0)) mod k),>1 eventually
lands in a repeating cycle, and we search for values of k and congruences classes of m modulo k
such that ¢g2(f7(0)) mod k fails to be a square for all n > 2. Note that this method works even
when go( 31 71(0)) mod k is a square for all j > 1, since we have shown in the previous paragraph
that ws; is a non-square for all j > 1. A computer search yields the congruences given in the
first part of the proposition. If in addition m — 1 is a non-square in Q, then we have ws; not a
square in Q for all j > 1, and the congruences in the second part of the proposition show that

Wojt1 = 92(£2(0)) mod k is a non-square for all j > 1. O

Proposition 2.8. Letr = 1/c and c = —m? form > 2, and let g be as in (2.2). If m = —1 mod p
for a prime p = 7 mod 8, then ga(f*(x)) is irreducible for all n > 2. The same conclusion holds
if m — 1 is not a square in Q and m = —1 mod p for a prime p = 3 mod 8.

Proof. By part (3) of Proposition 2.3, it suffices to show that g2(f}*(0)) is not a square in Q for all
n > 2. We have ¢ = —m? = —1 mod p, and so (f?(0) mod p),>o is the sequence 0,—1,0,—1....
Thus (g2(f(0)) mod p)p>o is the sequence —1,—-2,—1,—-2,—1,.... If p = 7mod 8, then both
—1 and —2 are non-squares modulo p, and the proof is complete. If p = 3 mod 8, then —1 is
a non-square modulo p but —2 is a square, meaning we can only conclude that g f,?j (0)) is a
non-square in Q for j > 1. However, as in the proof of Proposition 2.7, this implies that bg;1 is
a non-square for all j > 1. If in addition m — 1 is not a square, then by; is not a square for all
j > 1, completing the proof. O

Propositions 2.7 and 2.8 allow us to prove a case of Theorem 1.2. Recall that g1 (f(x))g2(f*(z)) =
fri ().
Corollary 2.9. Let r = 1/c and ¢ = —m? for m > 2, and let gy be as in (2.2). Suppose that
m # 4 and m? < 10°. Then go(f"(x)) is irreducible for all m > 1. If in addition m + 1 is not a
square in Q, then f'(x) is a product of two irreducible factors for all m > 1.
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Proof. By part (3) of Proposition 2.3, it suffices to show that g2(f(0)) is not a square in Q for
all n > 2. Because m # 4, we may apply both Propositions 2.7 and 2.8. The first group of
congruences in Proposition 2.7 applies to all m with 2 < m < 10%2 except for a set of 1326
m-values. After applying the first part of Proposition 2.8, that number decreases to 1021. Of
these, 13 have the property that m — 1 is a square. We apply the second group of congruences
in Proposition 2.7 and the second part of Proposition 2.8 to the remaining 1008 values, and only
196 survive. This leaves 209 values of m that we must handle via other methods.

To do this, we employ a new method to search for primes p such that g2(f"(0)) is a non-square
modulo p for all but finitely many n. We search for p such that:

(2.3) the sequence (g2(f,"(0)) mod p)n>0 eventually assumes a non-square constant value

or eventually cycles between two distinct values, both of which are non-squares modulo p.

If we find such a p, it implies that all but finitely many terms of the sequence (g2(f*(0)))n>2 are
non-squares in Q. We then reduce modulo other primes to show that the remaining terms are
non-squares.

The method proves quite effective. Of the 209 m-values left over from the first paragraph of
this proof, all have a prime p < 500 that satisfies (2.3). For each such m and p, we take the
finitely many terms of the sequence (g2(f;'(0)))n>2 that have still not been proven non-square
by (2.3), and reduce modulo small primes until all have been proven non-square. The m-value
producing the largest number of such terms is m = 4284, where we must check that each of
92(£-(0)), g2(f2(0)), ..., g2(f34(0)) is a non-square. In all cases the desired result is achieved by
reducing modulo primes less than 100. (]

We now consider the case m = 4. As shown in Proposition 2.4, it is the only one with m > 2
for which go(f2(x)) is reducible; indeed, we have

(2.4) 92(fF (@) = (2 — 2+ 7/16)(2” + 2 + 7/16) = g21(x)g22 (),
and we note that both go1(x) and goa(z) are irreducible.

Proposition 2.10. Let r = —1/16 and let go1 and gao be as in (2.4). For all n > 1, both
g21(f(x)) and goo(fl(x)) are irreducible for all n > 1. In particular, f}'(x) has precisely three
irreducible factors for all n > 3.

Proof. Because m + 1 is not a square, Proposition 2.3 shows that g;(f;*(x)) is irreducible for all
n > 1. By Lemma 2.2 and the fact that go; and goo have even degree, it suffices to prove that
neither go1(f(0)) nor gaa(f*(0)) is a square in Q for all n > 1. Observe that f*(0) =5 mod 11
for n > 3, and g¢21(5) = 6 mod 11. Because 6 is a non-square modulo 11, we must only verify
that neither of go1(f-(0)) or go1(f2(0)) is a square in Q. The former is 129/256 and the latter is
(19-1723) /26 neither of which is a square in Q. For goo(f7(0)) we have a simpler argument using
p = 5: observe that g22(0) = g22(—1) =2 mod 5 and f;*(0) =0 or —1 mod 5 for all n > 1. O

We now consider the case where m + 1 is a square. Say m + 1 = s? with s > 2, so that
fr(z) =22 —1/m? = 22 — 1/(s* — 1)%. We have
m+1 S s
(2.5) g1(fi (@) =a? =t L~ (m -2 1) <x T ) —: ha(@)hs(@).

m2 s2—1

Now hy(fr-(z)) = 22 — fj{f;g% Thus hi(fr(z)) is irreducible unless s is the z-coordinate of an

integral point on the elliptic curve y? = 23 — x + 1. This is curve 92.al in LMFDB, and has an
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unusually large number of integral points: (0,+1),(1,+1), (—1,£1)(3,£5), (5, £11), (56, £419).
We assume for a moment that s ¢ {3,5,56}, so that hi(f.(x)) is irreducible. Observe that
2? — -3 maps the interval (—1/m,0) into itself, and in particular, f7(0) < 0 for all n > 1. Thus
hi(f(0)) < 0 as well, and hence cannot be a square in Q. Then Lemma 2.2 (with g = hj o f,
and f = f,) proves that hy(f"(x)) is irreducible for all n > 2. Thus for s ¢ {3,5,56}, we have

that hy(f(x)) is irreducible for all n > 1. We now present a result that builds on Corollary 2.9.

Corollary 2.11. Let r = 1/c and ¢ = —(s?> — 1)? for s > 2, and let go be as in (2.2) and hy, ho
as in (2.5). Suppose that (s> — 1)2 < 10°. Then for all n > 1 we have go(f™(x)) and ho(f7(x))
irreducible. If in addition s ¢ {3,5,56} then for all n > 1 we have hi(f'(x)) irreducible. In
particular if (s> —1)2 < 10° and s & {3,5,56}, then f(x) is a product of three irreducible factors
for all n > 2.

Proof. Observe that (s?> — 1)? < 10? if and only if s < 177. We have shown in Corollary 2.9
that go(f/'(z)) is irreducible for all s with 2 < s < 177. In the paragraph preceding the present
corollary, we showed that s ¢ {3,5,56} implies that hi(f(x)) is irreducible for all n > 1. To
show that ho(f*(x)) is irreducible for n > 1, it suffices by Lemma 2.2 to show that {—ha(f-(0))}U

{h2(f(0)) : n > 2} contains no squares in Q. Note that —hs(f-(0)) = —i{%ﬁ%, and we have
83 —s—1> 0 for s > 2. Hence ha(f.(0)) is not a square in Q. To verify that ho(f7(0)) is
a non-square in Q for all n > 2, we search for primes p satisfying the condition (2.3), with ho
replacing go. We find that there exists a prime p < 500 with the desired property for all s with
2 < s < 177 except for s = 153. For that s-value, the prime p = 1051 suffices.

For each such s and p, we take the finitely many terms of the sequence (ha(f}*(0)))n>2 that
have still not been proven non-square, and reduce modulo small primes until all have been proven
non-square. Unsurprisingly, the s-value producing the largest number of such terms is s = 153,
where we must check that each of ha(f-(0)), h2(f2(0)), ..., ha(f87(0)) is a non-square. In all cases
the desired result is achieved by reducing modulo primes less than 100. U

Finally, we handle the case of s € {3,5,56}. These are precisely the s-values for which s —s+1
is a square. In this case, hi(f(x)) is no longer irreducible; indeed, we have

Vst —s+1 Vst —s+1
(2.6) hi(f(z)) = (33 T T 21 T+ 21 =: hi1(2)hi2().
Proposition 2.12. Let r = 1/c and ¢ = —(s*> — 1)? for s € {3,5,56}. Let g be as in (2.2),
hg as in (2.5), and h11 and hiz as in (2.6). Then for all n > 1 we have ga2(f}(x)), ha(f(z)),
hi1(fi(x)), and hia(f*(x)) irreducible; in particular, f*(x) is a product of four irreducible factors
for allm > 3.

Proof. Corollary 2.11 shows that for s € {3,5,56}, we have g2(f}*(x)) and ho(f(z)) irreducible
for all n > 1. To show that hi1(f(z)) and hia(f(z)) are irreducible for n > 1, it suffices by
Lemma 2.2 to show that none of

{=h11(fr(0))} U {=h12(f+(0))} U {h11(f7(0)) : n > 2} U {h12(f"(0)) : n > 2}

is a square in Q. Note that —h1(f-(0)) = ((s? = 1)(v/s3 —s+ 1)+ 1)/(s*> — 1)2. For s = 3,5,56
respectively, the prime factorization of the numerator of —hi1(f,(0)) is 41,5- 53, 2- 656783, none
of which is a square. Moreover, —hj2(f-(0)) < 0, and hence cannot be a square. Also, one readily
sees that hi1(f}*(0)) < 0 for all n > 2. For s = 3, we reduce the sequence (hi2(f;(0))n>2 modulo
29 and find that it cycles among the four values 17, 15,26, 21, none of which is a square modulo
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29. For s = 5 we reduce modulo 23 and find that the sequence in question cycles between 10 and
11, which are both non-squares modulo 23. For s = 56 we reduce modulo 31 and find that the
sequence takes only the value 6, i.e. hi2(f(0)) = 6 mod 31 for all n > 2. But 6 is non-square
modulo 31. ]

2.2. The case of f, irreducible, f? reducible. Assume now that ¢ = 4m?(m? — 1) for some
m > 2, in which case we have

@7 ) = <x2 - %x + 2’”2_1> <x2 + %x + W”) —: q1(2)ga(2).

4m?(m? — 1) 4m2(m?2 — 1)

We note that ¢; and g2 both have discriminant —1/(m? — 1), and so are irreducible.
Observe that for m = 2 we have the factorization

(2.8) ¢2(fr(2)) = (2* — (1/2)x + 19/48)(2® + (1/2)a + 19/48).

However, this is the only m-value for which such a factorization occurs, as the next two results
show.

Proposition 2.13. Let 7 = 1/c and c = 4m?(m? — 1) for m > 2. If f3(x) has strictly more than
two irreducible factors, then either

8mb — 12m* +4m> + 4m? —dm + 1 or 8mb —12m* —am?® +4m? +4m + 1
s a square in Q.

Proof. Observe that f3(z) has strictly more than two irreducible factors if and only if ¢;(f,(z))
is reducible for at least one ¢ € {1,2}. Assume that ¢;(f,(x)) is reducible, let a be a root of
qi(fr(x)), and observe that f,(a) =: 5 is a root of ¢;(x). By the irreducibility of ¢;(x), we
have [Q(8) : Q] = 2. Because ¢;(f.(x)) is reducible, we have [Q(«) : Q] < 4, which implies
[Q() : Q(B)] = 1, and thus o € Q(B). But « is a root of f.(z) — 8= 2% +7— 3, and so a € Q(B)
is equivalent to 8 — r being a square in Q(8). Letting 8’ be the other root of g;(z), we have

8mb — 12m* Fdm3 +4m? £ 4m + 1
(4m* — 4m?)?

NogyoB—1) =B =)' —r)=q(r) =
The multiplicativity of the norm map implies that the rightmost expression is a square in Q. [

We now prove Theorem 1.6, which we restate here.

Theorem 2.14. The only rational points on the curve y?> = 825 — 122* — 423 4+ 422 + 42 + 1 are
those with v € {—2,—1,0,1}.

Proof. We note first that the map (z,y) — (1/z,y/23) gives a birational transformation from the
curve y? = 829 — 122* — 423 + 422 + 42 + 1 to the curve

C:y?=F(x) =25 + 42° + 42* — 42 — 122 + 8.

Therefore, it suffices to find all rational points on C. Next, we see that the polynomial F'(x)
factors over a small extension of Q. Fix an algebraic number 3 satisfying 3> — 832 +208 —8 =0,
and observe that

F(z) = (3:2 + (=B +4)z+1/2(8%— 68+ 8)) <x4 4B 4 1/2(82 — 28)2? — 4z — 28 + 4).
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Let K = Q(f), a number field of class number 1. Therefore, if (z,y) is a rational point on C,
then there exist y1,y2,a € K such that

ayi = Fi(z) =2° + (=B +4)z + 1/2(8* — 65 + 8)
oyl = Fy(z) = 2t + Ba® +1/2(8% — 28)a? — 4z — 26+ 4

simultaneously; this follows from the fact that F}(z) and F»(z) lie in the same square-class in K.
Moreover, we may assume that « is in the ring of integers O of K and that the ideal aOf is not
divisible by the square of an ideal in Og. On the other hand, since the degrees of F} and F5 are
not both odd (see Example 9 and Theorem 11 of [20]), if p is a prime in Ok that divides « and is
coprime to 2, then p must divide the resultant R = 3632 — 2403 + 400 of Iy and Fy. Therefore,
we may write

(2.9)

2 3 3 2
(2.10) 0 = (—1)% . 291 . (ﬁ_£+2>62 . (£_45+5)63

4 2 4
for some e; € {0,1} and 0 < i < 3; here we use Sage to factor the fractional ideal generated by R
and find generators —1 and %2 — % + 2 of the unit group of K. In particular, we have deduced

that if (z,y) € C(Q), then (z,y2) is a K-point on
Vo : ay? = Fy(z),

for some y2 € K and some « in (2.10). In particular, for such « it must be the case that V,(K,)
is non-empty for every completion K, /K. However, we check with MAGMA that only the curves
V4 corresponding to « = 1 and o = %2 — % + 2 have points everywhere locally. On the other
hand, V,(K) is non-empty for both of these choices of a. Therefore, there exist computable
elliptic curves F; and Fy (in Weierstrass form) together with birational maps ¢; : 1 — V; and

G2 By — Vg2 g5 o all defined over K. In particular, it suffices to compute the sets
T2

Si ={P € Ei(K) : z(¢:(P)) € P'(Q)}

for i € {1, 2}, to classify the integral points on C. However, E;(K) and E3(K) both have rank 2.
In particular, rank(F;(K)) and rank(E2(K)) are both strictly less than [K : Q] = 3. Therefore,
S1 and Sy are finite sets, and we may use the elliptic Chabauty method to describe them; see,
for instance, [5, §4.2]. Moreover, since both E; and Es are in Weierstrass form and we succeed in
finding explicit generators for their Mordell-Weil groups, we may use an implementation of the
elliptic Chabauty method in MAGMA to describe S; and So; see the file named Elliptic Chabauty
at the website above for the relevant code. In particular, we deduce that

C(Q) = {oo™, 007, (£1,£1),(~1/2,£19/8)},
from which Theorem 2.14 easily follows. O

Corollary 2.15. Let r = 1/c and ¢ = 4m?*(m? — 1) for m > 2. Then f2(x) has more than two
irreducible factors if and only if m = 2.

Proof. The sufficiency is clear from (2.8). To see that m = 2 is also necessary, assume that f2(x)
has more than two irreducible factors. From Proposition 2.13, we have that m or —m is the
x-coordinate of an integral point on the curve y? = 825 — 1224 — 423 + 422 + 42+ 1. Tt then follows
from Theorem 2.14 that +m € {—2,—1,0,1}. Since m > 2, the only possibility is m = 2. O

We have now assembled enough ingredients to prove Theorem 1.5.
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Proof of Theorem 1.5. Part (a) is proven in Propositions 2.4 and 2.10. Part (b) follows from
Proposition 2.12 and the remarks after (2.5).

The first assertion of part (c) is proven in Corollary 2.15. To prove the second assertion,
let m = 2, let ¢ and g2 be as in (2.7), and set vi(x) = 2> — (1/2)x + 19/48 and vy(z) =
2%+ (1/2)x +19/48, so that go(f-(z)) = v1(z)va(z). We must show that ¢; (f7(z)) and v;(f*(z))
(j € {1,2}) are irreducible for all n > 1. Because g1, v1, and vo have even degree, by Lemma 2.2
it suffices to prove ¢1(f(0)) and v;(f*(0)) are not squares in Q for all n > 1.

We now search for primes p satisfying the condition (2.3), with ¢; and v; replacing go. We
reduce the sequence g1 (f*(0)) modulo 239, and find that it only takes the non-square value 13
for n > 7. For n with 1 < n < 6, one verifies directly that ¢;(f;*(0)) is not a square. We reduce
the sequence v1(f*(0)) modulo 239, and find that it only takes the non-square value 73 for n > 7.
For n with 1 < n < 6, one verifies directly that v (f*(0)) is not a square. We reduce the sequence
v2(f7*(0)) modulo 41, and find that it only takes the non-square value 24 for n > 7. For n with
1 <n <6, one verifies directly that v2(f;*(0)) is not a square. O

We close this section with a proof of one case of Theorem 1.2.

Proposition 2.16. Let r = 1/c and ¢ = 4m?(m? —1) for m > 3, and let g1 and q2 be as in (2.7).
Suppose that 4m?(m? —1) < 10°. Then for alln > 1 we have ¢1(f*(x)) and q2(f*(x)) irreducible.
Hence f'(x) is a product of two irreducible factors for all n > 2.

Proof. Observe that 4m?(m? — 1) < 10° if and only if m < 125. Because q; and g2 have even
degree, by Lemma 2.2 it suffices to prove ¢ (f(0)) and g2(f(0)) are non-squares in Q for all
n > 1. We search for primes p satisfying the condition (2.3), with ¢; and g2 replacing go.

For q1(f"(0)), we find that there exists a prime p < 500 (indeed, p < 337) with the desired
property for all m with 3 < m < 125. For ¢2(f7(0)), we also find that there exists a prime p < 500
with the desired property for all m with 3 < m < 125.

For each such m and p, we take the finitely many terms of the sequence (g1 (f;(0)))n>2 (resp.
(g2(f7(0)))n>2) that have still not been proven non-square, and reduce modulo small primes until
all have been proven non-square. ]

3. THE PROOF OF CASES (1)-(4) oF THEOREM 1.3

In the last section, we saw the primary importance of whether or not p(f/*(0)) is a square,
for various polynomials p(z). For the remainder of this article, we use similar ideas to study the
irreducibility of f.(z) in the case where f?(x) is irreducible. However, we use a refinement of [10,
Proposition 4.2], similar to [11, Theorem 2.3|, that is more powerful; see Lemma 1.10 (restated
as Lemma 3.2 below).

Recall from the introduction that = 1/c, and that f*(0) is a rational number with denominator
"' We define ay,(c) to be the numerator of £7(0). Hence an(c) is described by the recurrence

(3.1) ai(c) =1, an(c) = an_1(c)* + A forn > 2.

To ease notation, we often suppress the dependence on ¢, and write a1, as, etc. Recall also that
we define

(3.2) by = % Vin Q.

Proposition 3.1. If ¢ <0, then a, is not a square in Q for all n > 2.
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Proof. Let r = 1/c and f,(x) = 2% + r, and consider the image of the interval I = (—/—7,0)
under f, : R — R. We have f.(—v/—7r) =0 and f.(0) =r € I, so as f, is a continuous function
with no critical points in I, it follows that f.(I) C I. As f.(0) = r € I, inductively, f*(0) € I for
all n > 1. Hence 0 > f(0) = an/c2n, and hence a,, < 0 for n > 1, proving that a, is not a square
in Q. O

We now prove Lemma 1.10, which we restate here.

Lemma 3.2. Suppose that c € Z\ {0}, r = 1/¢, and f? is irreducible. Let a, = a,(c) and b,
be defined as in (3.1) and (3.2), respectively. If for every n > 3, by, is not a square in Q (which
holds in particular if a, is not a square in Q), then f*(x) is irreducible for all n > 1.

Proof. This proof is essentially the same as the proof of [11, Theorem 2.3], but for completeness
we give the argument here. By hypothesis f2(z) is irreducible; assume inductively that f7(z) is
irreducible for some n > 2. Let a be a root of f7*1(x), and observe that f.(a) =: 3 is a root
of f*(x). By our inductive assumption, we have [Q(3) : Q] = 2". Now f"!(z) is irreducible if
and only if [Q(«) : Q] = 2""!, which is equivalent to [Q(«) : Q(8)] = 2. This holds if and only
if f.(xz) — f is irreducible over Q(3), i.e. 8 — r is not a square in Q(f). Now factor f(x) over
K = Q(/=7). We have f2(z) = (£~ (2)—v/=7)(f2~1(z)+v/=T), and because [Q(8) : Q] = 27,
we must have [Q(3) : K1] = 2”1, which implies that the minimal polynomial of 3 over K; is one
of 7Y (z) £+/=r. It follows that Ngg)/k, (8 — ) is the product of (5’ —r), where 3’ varies over
all roots of f7~!(z) & \/—r; this product is just f?~1(r) & /=7 (here we use that n > 2, so the
degree of f~!(x) is even and we may replace the product of (3 —r) with the product of (r— 3)).
To summarize, we have

Noi, (B =7) = 771 r) £ V=r = f(0) £ V=r.
Suppose now that f2*1(z) is reducible, and hence 8 — r is a square in Q(3). Because the norm
map is multiplicative, this implies Ng(g)/x;, (8 —r) is a square in K7, i.e. there exist s1,s2 € Q

with (s1 + s2¢/—7)% = f7(0) £ /—7. Elementary calculations show this last equality implies
Sg = ﬁ and s? — rs3 = f7(0), whence

o BOEEO 0t a

! 2 2c2"
Now n > 2, and hence we have that one of (a, & \/a,51)/2 is a square in Q. If ¢ < 0, then this
is impossible by Proposition 3.1. Hence suppose ¢ > 0. As a,11 = a2 + 2> a2 > 0, we have
(an — \/ant1)/2 < 0, implying that (a, + \/a,11)/2 is a square in Q. But this is contrary to the
hypotheses of the lemma, and we thus conclude that f?*!(x) is irreducible. O

Proposition 3.3. Let c € Z\ {0,—1}. Then neither as nor a4 is a square in Q.

Proof. We have az(c) = ¢ + ¢ + 2c+ 1, and so if a3(c) = y2 for yo € Q, then necessarily yo € Z,
and (c,10) is an integer point on the elliptic curve y? = 23 +2% +2x+ 1. This curve has conductor
92, and is curve 92.b2 in the LMFDB [16]. Besides the point at infinity, it has only the rational
points (0, £1), but ¢ = 0 is excluded by hypothesis.

We now address a4(c). As in the previous paragraph, if as(c) = y2 for yo € Q, then (c,yo) is
an integer point on the hyperelliptic curve

C:y?=a" 4+ 2%+ 225 + 52% + 623 + 622 + 42 + 1.
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One easily checks that 27 4+ 2% + 225 + 52* + 623 + 622 + 42 + 1 has no repeated roots, and hence C
has genus 3. Denote by J the Jacobian of C. A two-descent using MAGMA [2] shows that J(Q)
has rank zero, and hence consists only of torsion. We now use standard reduction techniques
to determine all torsion in J(Q) [9, Theorem C.1.4 and Section C.2]. We have a commutative
diagram

cQ — J(Q

(3.3) l l

C(F3) —— J(Fs)

where the vertical maps are reduction modulo 3 and the horizontal maps are the Abel-Jacobi
maps taking P to the divisor class of (P — c0). The latter are injective [9, Corollary A.6.3.3].
The discriminant of C is 2!2 - 23 - 2551, and it follows that C, and hence J [9, p. 164], has good
reduction at all primes p ¢ {2,23,2551}. Because J(Q) is torsion, it follows that for any such
prime p, the reduction map J(Q) — J(F,) is injective; see, for instance, the appendix of [15].
Thus the right vertical map in (3.3) is injective, and it follows that the left vertical map is injective
as well. But one verifies that #C(F3) = 4, and hence C(Q) = {00, (0,+£1),(—1,0)}. Because we
have excluded ¢ = 0, —1, we arrive at the desired contradiction.

One may attempt the same argument with as(c), but a 2-descent on the Jacobian J of the
associated genus-7 hyperelliptic curve shows only that the rank of J(Q) is at most 2. U

Proposition 3.4. The sequence (an)n>1 s a rigid divisibility sequence. (See Definition 2.5).
Proof. This is a straightforward application of [8, Lemma 2.5]. O

Proposition 3.5. Suppose that ¢ + 1 is not a square in Z. If ¢ satisfies any of the congruences
in Table 1, then a, is not a square in Q for all n > 2.

Proof. By Proposition 3.1, it suffices to consider ¢ > 0. Because az = ¢+ 1 > 0 is non-square
by assumption, there is a prime ¢ with vg(c + 1) odd. Proposition 3.4 then implies that asy, is
non-square for all m > 1, so we need only check that a, is non-square for odd n > 2. To do
this, we let f(z) = 22 + 1/c and we take p to be a fixed prime with p < 100 and p { c. Let
co € {1,...,p— 1} satisfy (1/¢) = c¢o mod p and put f = 22 + ¢y € Fy[z]. Now a,, = chilf”(O),
and it follows that if f”(O) is not a square in F,, then a, is not a square in Q. The sequence
(f™(0) mod p),>1 eventually lands in a repeating cycle. When this sequence is such that f27+1(0)
is a non-square in F, for all n > 2, then ag,41 is a non-square in Z for all n > 1 (the n = 1 case
is by Proposition 3.3). Most of the pairs of p, ¢ listed in Table 1 yield such a result. For instance,
when p = 3 and ¢ = 1 mod p, we have f*(0) = 2 for all n > 2. When p =5 and ¢ = 3 mod p, the
sequence f7(0)is 2,1,3,1,3,..., and hence f2"*1(0) is a non-square for all n > 1. The remaining
pairs p, ¢ in Table 1 satisfy the condition that both f2(**D+1(0) and f3"*+2(0) are non-squares for
n > 1 (the n + 1 comes from the fact that a4 is automatically a non-square by Proposition 3.3).
Thus asn+1 and asy,+2 are non-squares in Z for all n > 1. But by Proposition 3.3 we have that as
is not a square in Z, and it follows from Proposition 3.4 that as,, is a non-square in Z for all n > 1.
An example is when p = 7 and ¢ = 5 mod p, for which the sequence f™(0) is 3,5,0,3,5,0,.... O

We now prove cases (1)-(4) of Theorem 1.3, which we restate here.

Theorem 3.6. Let f.(z) = 2% +r with r = 1/c for c € Z\ {0,—1}, and let a,, and b, be as in
(3.1) and (3.2). Assume that ¢ satisfies one of the following conditions:
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c=1,2 (mod 3
c=3 (mod 4
c=2,3 (mod 5
c=1,2,5,6 (mod 7
c=1 (mod 8
c=1,3,5,7,10 mod 11

(
c=3,4,5,6,8,11 (
c=6,10,14,15 (
c=1,4,9,11,12,13,15, 16, 18 (
c=6,10,12,18, 20, 22 (
c=212,14,17,18,27 (
c=1,10,13,16, 22, 27, 30 (
¢=6,18,23,31,32,35 (
c=17.8,11,19,25,28,35, 36 (
c=1,2,4,5,9,14,15,21,27, 33,37, 42 (
¢=6,7,9,10,24,25,28, 33, 46 (mod 47
¢ =5,18,21,23, 26, 30, 37, 40, 43, 45, 46, 47 (
¢ = 10,14, 16,29, 37, 47, 55, 57, 58 (
c=2,3,11,13,15,27, 30, 32, 34, 40, 45, 50 (
¢ =10,15,20,32, 33, 38,41, 49, 51, 53, 55, 66 (
¢ =4,10,49,51,53,61,70 (
c=1,3,35,43,44,50,51, 71 (
¢=3,12,25,32, 36,58, 78 (
¢ =15,16,19,23, 25,29, 31,37, 41, 44, 51, 56, 59, 68, 71, 82 (
c=13,25,49,63 (
¢=3,9,21,53,59,79,89 (

TABLE 1. Congruences that ensure a, is not a square for n > 2, provided that
c+ 1 is not a square.

(1) —c€Z\Z? and c < 0;
(2) —¢,c+1€Z\Z? and ¢ = —1 mod p for a prime p = 3 mod 4;
(3) —c,c+ 1€ Z\Z?* and c satisfies one of the congruences in Proposition 3.5 (see Table 1);
(4) —c € Z\ Z? and c is odd;
In cases (1)-(3), an is not a square in Q for any n > 2, while in case (4), by is not a square for
any n > 2. In all cases, f*(x) is irreducible for all n > 1.
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Proof. Observe that conditions (1)-(4) each imply that f2(z) is irreducible, by Proposition 2.1
(note that ¢ = 4m?(m? — 1) implies that ¢+ 1 = (2m — 1)?, and that this is impossible when c is
odd). We now argue that in cases (1)-(3) a,, is not a square in Q for any n > 2 and in case (4),
by, is not a square for any n > 2. In all these cases, Lemma 1.10 proves that f'(x) is irreducible
for all n > 1.

If we are in case (1), then the desired conclusion holds by Proposition 3.1.

Assume we are in case (2). Because we have already established case (1), it suffices to consider
¢ > 0. Because 1/c = —1 mod p, we see that modulo p, the orbit of 0 under f, is 0 — —1 — 0 —
--+. Moreover, —1 is not a square modulo p by assumption, and so ag,+1 is not a square for all
n > 3. Because ag = ¢+ 1 > 2 is assumed non-square, it must be divisible by some prime to odd
multiplicity. From Proposition 3.4 it then follows that as, is not a square in Q for all n > 1.

In case (3) the desired conclusion holds by Proposition 3.5.

In case (4), if a, is not a square in Q then b,, cannot be a square in Q, and so we are done. If
ap is square in Q, then from the recursion in (3.1) and the fact that any integer equals its square
modulo 2, we have

_ _ 2
\Van = Qp :an_l +c

Thus modulo 2, we have a,,_1 + \/a, = 2a,_1+1 = 1, whence v (% ”a"> = —1, proving that
b _ Gp—_1++/an
n = 2

an—l_1

a2 +1=a,1+1 (mod 2).

is not a square in Q. O

4. PROOF OF CASES (5) AND (6) OF THEOREM 1.3

In this section we deduce consequences from the assumption that a,,(c) or even b, (c) is a square.
This will lead to a fairly small upper bound on n in terms of ¢. One application is the proof of
cases (5) and (6) of Theorem 1.3. Another is the development of a fast algorithm for checking
that all iterates of f are irreducible as soon as f? is, for all ¢ up to a very large bound; this is
done in the next section.

We denote the set of positive integers by Z™.

Lemma 4.1. Let ¢ € Z* and n > 2 such that ay(c) is a square. Then we can write ¢ = uv with
coprime integers u and v such that

(1) if ¢ is odd, then

—1 —1
2" T W T = 20, (uv);
(2) if ¢ is even, then u is even and
¥ iuzn_l_l = ap—1(uv).

If in addition b, (c) = (an—1(c) + v/an(c))/2 is a square (with the positive square root), then c is
even and v is a square (and u and v are positive) or —u is a square (and u and v are negative).
Proof. To simplify notation, we set N := 2"~! — 1. By assumption, there is s € Z* such that

an(c) = N +a,_1(c)? = §*

and hence
N = (s+an-1(c)) (s — an-1(c)).
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It follows easily by induction that a,,(c¢) = 1 mod ¢ for all m > 1; in particular, a,,—1(c) and s are
coprime with ¢. Since ged(a,—1(c), s) divides a power of ¢, it follows that a,—1(c) and s are also
coprime. So we can deduce that
ged(s 4+ an—1(c), s — an—1(c)) | ged(2s,2an—1(c)) = 2.
We set t4 :=s+ap—1(c) and t_ := s — ap_1(c).
(1) If ¢ is odd, then the ged on the left is odd (since it divides a power of ¢), so t4 and t_ are
coprime. Then t,t_ = ¢V implies that ¢ = uv with u, v coprime and ¢, = vV, t_ = u!.
The claim follows, since t4 —t_ = 2a,_1(c).
(2) Now assume that ¢ is even. Then ged(s + an—1(c),s — an—1(c)) = 2, since both entries
have the same parity and their product is even. We can then write ¢ = uv with coprime
u and v and u even such that either ¢, = 2v" and t_ = %uN orty = %uN and t_ = 20",
In the first case, the claim again follows from ¢, —¢_ = 2a,_1(c). In the second case, we
obtain (—v)V — $(—u)N = (—t_ +t1)/2 = ap_1((—u)(—v)), so we get the claim upon
changing the signs of v and v.
For the last claim, observe that

an—1(c) + /an(c) _ an—1(c)+s  ty
2

0<

2 2
If ¢ is odd, then t; is odd, and ¢, /2 cannot be a square. Otherwise, t; /2 is equal to either N or
(—u)N /4. Since N is odd, the claim follows. O

We set, for ¢ > 4,
1 4 2 4N\ -1
Fe)=5(1-4/1=2) =Z(14/1-2) .
(c) 2 c c + c

From the first expression, it is clear that F'(¢) decreases monotonically from 1/2 to 0 as ¢ grows
from 4 to infinity. The second expression shows that for large ¢, F'(¢) is close to 1/c.

Lemma 4.2. Let ¢ > 4. Then the sequence (an(c))n>1, where

dn(c) = an(c)

= i
c
satisfies 1 = ay(c) < az(c) < ... and limy,_o0 an(c) = cF(c).

Proof. We have that @,11(c) = 1+an(c)?/c. When 1 < x < cF(c), then cF(c) > 1+a2/c > x, so
that the sequence is strictly increasing and bounded by cF(c). Since c¢F(c) is the smallest fixed
point > 1 of x — 1+ 22/c, it must be the limit. O

We make a couple of definitions.
Definition 4.3. Let ¢ > 2 be an integer. We set
q(c) = min{% cu,v € ZT coprime with v > u and ¢ = uv}
and

~ . v . . .
j(c) = mln{f cu,v € ZT coprime with v > u, ¢ = uv and at least one of u and v is a square}.
U

We note that g(c) > g(¢) > 1+ 1/4/c, since v > u + 1 in the set above, so ¢(c¢) > 1+ 1/u for
the minimizing v, and u < /c, since u? < uv = c.
We write “log” for the natural logarithm.
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Definition 4.4. Let c € Z* and n > 2. We define (n,c) so that

Van(c) +an—1(c)  e(n, c).

lo =
S Van(© —ana(c) Ve

It follows from Lemma 4.2 and the properties of F(c) that for fixed ¢ > 4, ¢(n, ¢) increases
with n with limit

1+
g(c) ;== lim e(n,c) = +/clog ———=
(€)= Jim n.) = Velog 0

and that ¢(c) decreases monotonically when ¢ increases, with lim._,o £(¢) = 2. In particular, we
have that

e(n,c) < e(c) < e(4) = 4log(1 + V2) and 6(\71,/,6) < 2log(1 +V?2).
c
Since (e — 1)/x is monotonically increasing for positive z, this implies that (for ¢ > 4)
1 2 4(1 2
(4.1) exp(g(n’c)) <1 + V2 .&(m,) < 1+w_
Ve log(1+v2) Ve NG
We note that
e(c)
4.2 ———— < 346 f >4
(42 Velogg(c) resn
e(c)
4.3 <212 f > 100
- Velog (1 + 1/ or e 2 100
e(c)
4.4 2.01 f > 10400.
(44) Velog( +1/v0) < ore=

(To get (4.2), we use (4.3) and the explicit values of ¢(c) for ¢ < 100. The maximum is achieved

for ¢ = 6.) We will also need the elementary bound

1
4. — < z.
(45) log(1+1/+/c) = Vet

We can now deduce an upper bound on n such that a,(c) can be a square.

Proposition 4.5. Let ¢ > 4 be an integer and n > 4. If ¢ is odd or

nZl—i—logQ(l g(n,c) log4)>’

_l’_
Velogq(c) — logg(c

then ay,(c) is not a square. This is the case whenever

2=t —1
<~ _3.
ves log 4 3
If the weaker condition
e(n,c) log 4
n>1+1lo (1 + _ > )
BT Velogie) T logd(e)

holds, then by(c) is not a square.
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Proof. In the following, we write a,, for a,,(c), since ¢ is fixed. We assume that a,, is a square,
so by Proposition 3.3 we have n > 5, and by Lemma 4.1 and its proof we can write ¢ = uv with
coprime u, v (and u even when c is even) such that

(UN,uN) = (Van + an—1,\/an — an_1) if ¢ is odd;
(N, uN) = (2(E£van + an—1),2(Ev/an — an—1)) if ¢ is even,

where N = 2"~1 — 1.
First assume that ¢ is odd. Then v > u > 0, and we obtain using (4.1)

N 1\N N Van + an— ,
1+—§<1+—) <(9) :M:exp(g(" C))
Ve Ve u V@n — An—1 Ve
which is a contradiction, since N > 15. So a, cannot be a square.
Now assume that c is even. If u,v > 0 (this corresponds to the positive sign above), then

(U)N _1yan+an_
u) Aty — an_1

4(1+2)

1
T

IN

If u,v < 0, then
(E)N B 41/an +an—1
v vV an —an-1

In both cases, we have that |log(v/u)| > logg(c). This gives

v g(n,c)
4.6 N1 <N‘l f‘<1 44 809
(4.6) 0gg(c) < Njlog | <log4 + e
which is equivalent to the inequality we wanted to show. If we assume that b,(c) is a square, then
we have in addition that |u| or |v| is a square, hence the bound is valid for ¢(c) in place of ¢(c).
The bound on +/c follows from the first inequality, the estimates £(n, ¢) < e(c), ¢(c) > 1+1/4/c,
O

and from (4.2) and (4.5). Note that 3.46/(log4) + 0.5 < 3.
This gives the following.

Corollary 4.6. Let ¢ > 4 be an integer and set f(x) = x>+ 1/c.

(1) If ¢ is odd, then all f™ are irreducible.
(2) If ¢ is even and f™ is irreducible for

=1 o (1 REEEOL |

then all f™ are irreducible.
(3) If c is even, f? is irreducible, and ay,(c) is not a square for all prime numbers p with

log4 + E(C)/ﬁﬂ
log(1+ 1/vo) /1’

5<p<l+ {10g2<1+
then all f™ are irreducible.

(4) If f? is irreducible, ¢ > 50, and §(c) > 1.15¢=1/30, then all f are irreducible.

We note that case (1) gives another proof of case (4) of Theorem 1.3 for positive c.
For large ¢, the bound on 7 in case (2) of the corollary is close to 1+ logy(3 + (v/¢ + 3) log4).

Proof. We recall that all f™ are irreducible when f™ is irreducible for some m and a,(c) or by,(c)
is not a square for all n > m.



22 DEMARK, HINDES, JONES, MISPLON, STOLL, AND STONEMAN

(1) If ¢ is positive and odd, then f is irreducible and f? is also irreducible (since c is not of the
form 4m?(m? — 1), compare Proposition 2.1). By Proposition 3.3, az(c) is never a square
when ¢ > 0. By Proposition 4.5, a,(c) is not a square for all n > 4, so the claim follows.

(2) If c is even and n > m, then

n e(n,c) log4 )
Velogg(e)  logg(c)/”
since ¢(¢) > 14+ 1/y/c and e(n, c) < £(c). So by Proposition 4.5, a,(c) is not a square, and
the claim again follows.

(3) Let m be as in (2). Then a,(c) is not a square for n > m. For 3 < n < m, a(c) is not
a square by assumption (or by Proposition 3.3 for n = 3) if n is prime. Otherwise, n is
divisible by 4 or by an odd prime p < m; then it follows that a,(c) is not a square either,
because (an(c)) is a rigid divisibility sequence by Proposition 3.4 and neither a4(c) (by
Proposition 3.3 again) nor ay(c) is a square.

(4) First note that 2%/1%¢(c)1/1% < 1.15 when ¢ > 50. The stated inequality then implies that
the bound on n in the second statement of Proposition 4.5 is < 5. O

n > 1+log2<1

We remark that recent work by one of the authors [21] shows that as(c) is never a square when
¢ # 0, which allow us to replace “5” by “7” in case (3) of the corollary and the condition in
case (4) by “G(c) > 1.034¢1/1267,

We can use case (4) of Corollary 4.6 to deduce case (5) of Theorem 1.3; case (6) of this theorem
follows by a similar argument.

Proof of cases (5) and (6) of Theorem 1.3. We can assume that ¢ > 50 and c is even, since nega-
tive c are dealt with by case (1) and odd c are covered by case (4) of the theorem; the few positive
even ¢ < 50 can be checked individually by the methods of this section. Then the assumptions of
case (5) imply that f? is irreducible by Proposition 2.1. Since when ¢ is a square, ¢ cannot be of
the form 4m?(m? — 1) either, this is also true in case (6).

We first consider case (5). Assume that ¢ = uv with v and v coprime and (say) |u| a square.
Then [v] > [ p»@ and |u| < T[] p*, so that the inequality in the statement implies

p:2fvp(c) p:2|vp(c)
that §(c) > 1.15¢=1/30. The claim follows by invoking case (4) of Corollary 4.6.

We now consider case (6). If the claim is false, then there is n > 5 such that a,(c) is a square.
By Lemma 4.1 it follows that we can write ¢ = uv with coprime w and v, with u even, such that
p2" L iu2n_1*1 = ap—1(c). Both u and v are now squares up to sign, so that we have

"L ) = 2y
with coprime integers x and y, which implies that

(4.7) 2 —y? = +a, 1(c).

Recall that a,—1(c) = 1 mod ¢. Since ¢ is an even square, = is odd, and y is even, we obtain
the congruence 1 = +1 mod 4, which shows that we must have the positive sign in (4.7). Let
p # 1 mod 4 be a prime dividing ¢; since ¢ is a square, p? | c. It follows that 22 = 3? + 1 mod p?,
and since —1 is a non-square mod p?, p | = is impossible, so that we must have p | . This in turn
implies that |u| > [T p>© and |v| < [T  p*'©. The inequality in the statement
p:pZ1 mod 4 p:p=1 mod 4
then implies that u/v > 1.15¢=1/30. This contradicts the second inequality in (4.6), so that we
can conclude as in the proof of Proposition 4.5 that a,(c) cannot be a square, a contradiction. [
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5. A FAST ALGORITHM AND THE PROOF OF CASE (7) OF THEOREM 1.3

In this section we always assume that ¢ > 4 is an even integer. Fix n > 5 and assume that
an = ay(c) is a square. Set N = 2"71 — 1. By Lemma 4.1, we can write ¢ = uv with v and v
coprime integers and u even such that

1
(5.1) oV — ZUN = ap—1(c).

We now consider equation (5.1) as a relation between real numbers. First note that for ¢ > 6,
we have (using Lemma 4.2 for the second inequality)

T P T2 <y () < PR < AT 2
o (5.1) implies that
u™ = (w)M + \uw)M 1
with 1 < X\ <2, where M =272 — 1 (so that N = 2M + 1).
We now set 0 := 2Nz := 01y and y := Ov; this gives
yV — 2 = 2(zy)M + 27 (wy)M .
Writing
(zy)™

T g2M +a?M=ly 44 y2M
and recalling that N = 2M + 1, this leads to

(5.2) y—$:2<1—|—;;)z.

We want to estimate z. We expect that z is close to 1/N, which is the value we obtain when
x =1. Since x?MFyF 4 pFy2M=F > 9(29)M it follows that

>0

< 1
z < —.
- N
Since zy = uv = ¢ > 6, we see that y — z has to be small:
3
5.3 O<y—o<—.
(5.3) y—r<
We get a lower bound on z as follows. Write wy, := z¥ + 21y + ... + y*¥. We consider
zy wywan — N (wy) ! :Uy YMA (i — o) RS ()M I
3(1-Nz) = 2 - Z E =2 -
(y —x) (y — z)?wan — x)?wan = W

We note that
(wy)™TwF = MM p oMM L ()M yM ™Iy < (4 Do,

which gives that
M-1
xy , M(M +1)
——(1—-Nz) < 1) =———=
(y—ZL‘)Z( Z)— : (]+ ) 5 R
7=0
so, using (5.3) for the second inequality,
1 M(M+1) (y—m)2>

1 9M(M+1) 1
N 2N xy N 2N3 xy’

z> —
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Using this, 1 <A <2, and 0 < A/(zy) < 1/3 in (5.2), we obtain

‘ 2 ’ < 4 1
—r——=| < =—.
4 NI—T N xy
Going back to our original integral variables u and v, this final bound is equivalent to
26 46 1
5.4 e e
(5-4) v NI™ N uv

We want to replace 1/(uv) on the right by 1/v2. The following lemma allows us to do that.

Lemma 5.1. Let ¢ > 4 be even. We assume that ayn(c) is a square for some n > 2 and take u
and v as in (5.1). Then, with N =2""1 —1 and 6 = 2'/V,

(3-2v2)'N < 937 < (3+2vV2)MN

and )
0
(3—2v2)VN < 7” < (3+2V2)UN,
In particular,

L 3+2v2)V/N 1

uv 02 V2
Proof. Note that for ¢ > 4, we have a,—1(c) < 262" =1 < (N/2, Using this in (5.1) and dividing
by v, this gives
w \N w \N
= () <2/ (55)
‘ 070) | =\ gz,
Set p := (u/(#%v))¥/2 > 0. Rearranging, we obtain that
(n—1)%*<2 and  (p+1)*>2

and — ¢> 02(3—2v2)Y/No2,

which gives

(VB 1) < = (i)N < (V412

02v
from which the bounds in the statement are easily derived. ]

Corollary 5.2. Let ¢ > 6 be even. We assume that a,(c) is a square for some n > 2 and take u
and v as in (5.1). Then, with N =2"~1 —1 and 6 = 2'/V,

20 _ 4(3+2v2)VN 1

N ON v2’

Proof. This follows immediately from (5.4) and Lemma 5.1. O

(5.5) 6?0 —u —

We can use the estimate (5.5) to compute a large lower bound on v (and therefore on ¢, by
Lemma 5.1), in the following way. We set

434 2v2)UN
- ON

Choose some ¢ > 0 (roughly of size B~2 when B is the desired lower bound for v). Let A, C R?
be the lattice generated by the vectors (g,0?) and (0, —1). Use lattice basis reduction to find the
minimal squared euclidean distance o(g) between a lattice point and (0,20/N). Now, assuming

0
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that (v,u) € Z? satisfies |#?v — u — 20/N| < §/v? (which follows by Corollary 5.2 for suitable
(v,u) if an(c) is a square), we see that

o(e) < (ev)? + 0% —u — 20/N|?* < e%? + 5204,
If the polynomial e2X3 — o(¢) X2 + 62 has two positive roots 0 < £ < &, then it follows that

o> VE  or ol < VE.
If we already know (from Proposition 4.5 or a previous application of the method) that |v| must
be larger than /&_, then we get the new lower bound [v| > \/&;.
Since the covolume of A, is e, we expect that o(¢) ~ . If ¢ is sufficiently smaller than 62, then

we get \/E_ ~V/0/Ve and /€ ~ 1/ /E.
This gives the following algorithm for checking that a,(c) can never be a square when 4 < ¢ <
0%(3 — 2v/2)/N B2, for a large bound B.

(1) Use Proposition 4.5 and Lemma 5.1 to determine By such that |v| > By in any solution
of a,(c) = 0. For example, we can take

By i {(ﬂ— 1)1/N( N 3>—‘ 7

0 log 4 B

where N =271 —1 and 0 = 2'/N as usual.
(2) Repeat the following steps until By > B.
(a) Set e := 7(52B0_4 with some v = 1.
(b) Compute o(¢) and &_, &;.
(c) If £~ > B2 (or does not exist), increase v and go to Step (2a) .
(d) Set By := [\/57—|

If the algorithm terminates, then this gives a proof that |v| > B and therefore (by Lemma 5.1)
¢ > 0%(3 — 2v/2)'/N B2 in any solution of a,(c) = 0.

Since this uses real numbers, it does not yet give a method that can be implemented on a
computer. We need to figure out which precision is necessary. The lattice basis reduction will
essentially compute continued fraction approximations to #? with numerators and denominators
of size roughly Bg. The resulting reduced lattice basis will have lengths of order B 2. The vector
that is closest to (0,20/N) will then have coefficients of order B in terms of this lattice basis.
We need the resulting minimal distance to be computed to an accuracy that is somewhat better
than By 2. This means that we need more than 6logy By bits of precision. In practice, we work
with an integral lattice obtained by scaling and rounding the basis given above, as follows. We
assume that we have computed 6 to > 8logy By bits of precision. In the following, |«| denotes
any integer a such that |a —a| < 1. We can then make the loop in Step 2 of the algorithm above
precise in the following way.

(1) Set 7 := 62

(2) Let A C Z? be the lattice generated by (|vBg], [6?B§]) and (0, —B%).

(3) Compute the four points of A closest to (0, [20B§/N1); call (vj,u;) (for j = 1,2,3,4) their
coeflicients with respect to the original basis of A and set
(aj,b5) = (v;[vBg1,v;[0°B§| — u;B§ — 2085 /N1).

(4) Set o := jj{l%rgél(max{(), laj| — |v;[}? + max{0, |b;| — [v;] — 1}?).

1<y

(5) Set h(x) = [yBg|?2® — ozt + [62B{°] € Z[z].
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(6) If h(Bp) > 0, then set v := 2 and go to Step (2) .
(7) Set By := max{zr € Z>p, : h(z) <0} + 1.
The main point here is that o/B(® is a lower bound for o(¢), where e = v/ Bj.
If we denote the successive values taken by By by By, B, Ba, ..., then we expect that By ~
B,% /0. So to reach a given bound B, we will have to make about loglog B passes through the
loop. The computational cost of the last pass dominates all others; it is polynomial in log B.

Example 5.3. We illustrate how the method works in the case n = 5. The initial lower bound
for |v| is By = 8. The lattice A has basis (336,18401670) and (0, —16777216); the target vector
is (0,2342757). We compute o = 2373638400 and find that h(Bp) < 0. We obtain the new lower
bound B; = 145. In the same way, we find the successive lower bounds

By = 56956

B3 = 1196488139

By = 7319637204404186177

Bs = 41458361126834155279142315082592517830

Bg = 635194914945680574670678782626217170933611345052234788659193201707737005413

and so on.

This allows us to verify Conjecture 1.8 for all ¢ up to a very large bound X in reasonable
time. We just have to run our algorithm for all n = p > 5 prime and the corresponding bound B
for |v|, as long as the initial bound By (which grows roughly like 2P) is less than B. Using a
straight-forward implementation in MAGMA [2], it took less than 12 minutes (on the laptop of
one of the authors) to prove the following, which by Proposition 2.1 amounts to a proof of case (7)
of Theorem 1.3.

Proposition 5.4. Let ¢ € ZT and set f(x) = 2> +1/c. If ¢ <1090 and the second iterate f? is
wrreducible, then all iterates of f are irreducible.

Proof. For ¢ € {1,2,3}, this can be checked by considering a,,(c) modulo 3, 5, and 11, respectively.
So we can assume that ¢ > 4. By Corollary 4.6, it is enough to show that a,(c) is not a square
for even c¢ as in the statement and primes

1?5;1+f(1€/)\// \f)J <1+ |logy(3.01+ o 11ig1é500))J — 1662,

(For ¢ > 10400, we use the bound (4.4). For smaller ¢, the expression is much smaller than 1662.)
This is a finite computation using the algorithm described above. O

5§p§1+{10g2(1+

We remark that in the course of executing the algorithm, it was never necessary to increase the
initial value of 7.
We have now at last assembled all the ingredients required to prove Theorem 1.2.

Proof of Theorem 1.2. Let f,.(z) = 2% +r with r = 1/c, c € Z\ {0, -1} and |c| < 10°. If f2(z) is
irreducible and c is negative or odd, then the claim follows from parts (1) and (4) of Theorem 1.3
(recall that f,(x) and so also f?(x) is reducible when —c is a square). If f2(z) is irreducible and
¢ is positive and even, Theorem 1.2 holds by Proposition 5.4.

If f.(x) or f2(x) is reducible, then the relevant cases of Theorem 1.2 follow from Theorem 1.5,
Corollaries 2.9 and 2.11, and Proposition 2.16. ]
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6. APPLICATIONS TO THE DENSITY OF PRIMES DIVIDING ORBITS

In this section, we prove Theorem 1.12, which we restate here for the reader’s convenience.

Theorem 6.1. Let ¢ € Z, let r = 1/c, suppose that —c and c + 1 are non-squares in Q, and

assume that Conjecture 1.11 holds for c, i.e. that m is not a square in Q for all n > 3.
Then for any t € Q we have D({p prime : p divides Oy, (t)}) = 0.

Remark 6.2. Observe that the hypothesis that M not be a square for n > 2 is strictly
weaker than a, not being a square for n > 2; in the latter case the conclusion of Theorem 6.1
follows immediately from part (2) of [8, Theorem 1.1]. To prove Theorem 6.1, we must apply [8,
Theorem 1.1] in a non-trivial way.

Remark 6.3. When the hypotheses of Theorem 6.1 are satisfied, we also obtain certain information
on the action of Gg on T't(0) (see p. 1 for the definition). The index-two subgroup G,/ acts on

both T¢(y/—r) and T¢(—+/r). Both of these actions are transitive on each level of the tree, i.e., on
[ (V=) (resp. fr"(—+/—7)), and the images of the maps G, /= — Sym(f, " (£v/—7)) = San

cannot lie in the alternating subgroup.

Proof. Let K = Q(v/—r), so that f, = (z + /-r)(x — /1) over K. Let g1 = (z + /—7)
and go = (x — v/—7). To apply part (2) of [8, Theorem 1.1], we must show that for i = 1,2,
gi(f?~1(0)) is a non-square in K for all n > 3, and also that —g;(f.(0)) is a non-square in K. But
gi(f7=1(0)) = fn=1(0) & \/=r. As in the final part of the proof of Lemma 3.2, f*~1(0) & /7 is
a square in K if and only if (f?~1(0) £ +/f7(0))/2 is a square in Q, which in turn is equivalent
to (an—1 + \/an)/2 being a square in Q. But by assumption (an,—1 + y/an)/2 is not a square
in Q for any n > 3. Moreover, —g;(f(0)) = —r F v/—r, which is a square in K if and only if
(—r £ /12 +7)/2 is a square in Q. Because ¢+ 1 is not a square in Q, it follows that 72 + r is
not a square in Q either, proving that —g;(f-(0)) is not a square in Q.

Therefore we may apply part (2) of [8, Theorem 1.1] twice to show

(6.1) 0= lim #{peS.N(p)SB},

B=oo  #{p: N(p) < B}
where N (p) is the norm of the ideal p and S is the set of primes p in the ring of integers O of
K that divide g;(f?~1(¢)) for at least one value of i € {1,2} and at least one n > 2.

If we exclude the finite set of ramified primes, then the primes p in O come in two flavors:
those with norm p, where necessarily p splits in O ; and those with norm p?, where necessarily
p is inert in Ok. Note that #{n < B : n = p? for some prime p} has asymptotic density zero
relative to #{n < B : n = p for some prime p}, and so (6.1) is equivalent to

(6.2) 0= Jim FPES:N@p) =p< B}
Booo  #{p: N(p) =p < B}

Suppose p in S, and say p | gi(f2~1(t)) for n > 2. Then N(p) | Ne/glai(£21(1) = £2(0),
where N/ is the usual field norm. Let p = Z N Ok be the prime lying below p. Note that
N(p) = pif psplitsin Ok, i.e. if —r is a quadratic residue modulo p, and N(p) = p? otherwise. But
0= f(fr1(t)) = (f71(t))*>+r mod p and hence —r must be a quadratic residue modulo p. Thus
N(p) = p. It follows that the numerator of (6.2) is 2#{p : p < B and p divides O¢(t)}. Clearly
the denominator is 2#{p : p < B and —r is a quadratic residue modulo p}. But by quadratic

reciprocity and Dirichlet’s theorem on primes in arithmetic progressions, the latter is asymptotic
to #{p : p < B}. It follows that D({p : p divides Of(t)}) = 0, as desired. O
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