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If the digits of any multi-digit number are multiplied together, another number re-
sults. If this process is iterated, eventually a single digit number will be produced.
The number of steps that this process takes, before a single digit number is ob-
tained, is referred to as the persistence of the of the original number [5].

Neil Sloane conjectured that for any baseb, there is a numberc(b) such that the
persistence in baseb cannot exceedc(b). According to Richard Guy [2], Erd̋os Pàl
has made a similar conjecture regarding the persistence of numbers in which only
non-zero digits are considered. No doubt both Sloane and Erdös were assuming
fixed, or single, radix systems when making their conjectures. Nonetheless, this
assumption is not explicitly stated, and if a fixed radix system is not assumed, then
the conjectures are false.

Readers may recall that in factorial base [4] (also referred to as “factorian”)
integers are represented as the sum of multiples of factorials [1][3]. The right-most
digit represents multiples of 1!, the next digit to the left represents multiples of 2!
and so on. For small numbers it is convenient simply to indicate the factorial base
thus,

3710 = (1× 4!) + (2× 3!) + (0× 2!) + (1× 1!) = 1201F .

With larger numbers, and particularly when referring to individual digits of the
number, it is easier to show the meaning of each digit explicitly within the repre-
sentation; thus

an!b(n−1)! . . . c2!d1! = a× n! + b× (n− 1)! + . . . + c× 2! + d × 1!,

wherea, b, c, andd represent ‘digits’, and, for example

530530560010 = (11× 12!)+ (0× 11!)+ (10× 10!),

= 1112!011!1010!09!08!07!06!05!04!03!02!01!.

Table 1 shows the persistence in factorial base of numbers in the range 0 to 25
together with the iterated path that each number takes before reaching a single
digit.
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n nF Path Persistence
0 0 0 0
1 1 1 0
2 10 10 0 1
3 11 11 1 1
4 20 20 0 1
5 21 21 10 0 2
6 100 100 0 1
7 101 101 0 1
8 110 110 0 1
9 111 111 1 1
10 120 120 0 1
11 121 121 10 0 2
12 200 200 0 1
13 201 201 0 1
14 210 210 0 1
15 211 220 10 0 2
16 220 220 0 1
17 221 221 20 0 2
18 300 300 0 1
19 301 301 0 1
20 310 310 0 1
21 311 311 11 1 2
22 320 320 0 1
23 321 321 100 0 2
24 1000 1000 0 1

Table 1: The persistence of numbers≤ 4!

Lemma 1. No even number has a persistence greater than1. That is, if we let P(n)
represent the persistence of n, then n≡ 0 mod 2⇒ P(n) ≤ 1.

Proof. If n ≡ 0 mod 2 andn > 0, then we can write the factorial base representa-
tion as

n = ax!b(x−1)! . . . c2!d1!.

Each of the digit terms represents a multiple of 2!, and therefore of 2, with the
exception of the rightmost digitd, which must be 0. The product of the digits ofn
is therefore 0, makingP(n) = 1. Finally,P(0) = 0 ≤ 1. �

Lemma 2. If the factorial representation of n contains an even digit, then P(n) ≤ 2.

Proof. If any of the digits ofn is 0 thenP(n) = 1. If none of the digits is 0,
but at least one of the digits is even, then the factorial base representation of their
product (m) will end in a final 0. P(m) ≤ 1, by Lemma 1, which implies that
P(n) = P(m) + 1 ≤ 2. �
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Lemma 3. If n > 2 and P(n) > 2 then n≡ 0 mod 3.

Proof. From Lemma 2,n contains no even digit. The factorial base representation
is therefore of the form

ax!b(x−1)! . . . 12!11!.

Each of the digit terms represents a multiple of 3!, and therefore of 3, except for
the two rightmost digits which together sum to 3. Thus,n ≡ 0 mod 3. �

Lemma 4. It is possible to find a number in factorial base of arbitrarily large
persistence. That is,

∀p: p > 1, ∃n: P(n) = p.

Proof. The proof is by construction. Calculate

k = (n× n!) + (1× (n− 1)!) + (1× (n− 2)!) + . . . + (1× 2!) + (1× 1!),

the factorial base representation of which is

nn!1(n−1)!1(n−2)! . . . 12!11!.

The product of the digits ofk is equal ton. Furthermore,P(k) = P(n) + 1 since it
will take a single step to transformk into n, andP(n) steps to reach a single digit.
Induction onP(n) together with the fact thatP(2) = 1, completes the proof. �

If n is the smallest number with persistencep, it is not necessarily the case
that a number constructed ask above will be the smallest number with persistence
p + 1. Construction from 510 = 21F shows thatP(63310) = P(51111F) = 3, and
this is indeed the smallest integer with a persistence equal to 3. However, although
by Lemma 4 we know thatP(633633!1632! . . . 12!11!) = 4, this is far from being
the smallest number with a persistence equal to 4; that accolade instead belongs to
44315501310 = 1111!110!19!18!77!16!15!34!33!12!11!.

Given P(n) = p, our method of construction does however provide an upper
bound on the smallest number with persistencep+ 1.

Lemma 5. There is no upper bound on the size of number that can have arbitrary
persistence p. That is,∀n > 1,P(n) = p, ∃m> n: P(m) = P(n) = p.

Proof. Again the proof is by construction. Letn = ax!b(x−1)! . . . c2!d1!. Now shift
all of the digits ofn one place to the left and insert a 1 on the right; that is to say,
constructm = a(x+1)!bx! . . . c3!d2!11!. ThenP(m) = P(n) since the product of the
digits of m is the same as that ofn, and, by repetition of the construction, it is
possible to produce an arbitrarily large integerm′ such thatP(m′) = P(n). �

The simple observations made in this paper clearly only touch on the ques-
tions about persistence in factorial base numbers. Perhaps the two most obvious
unanswered questions are
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• Is it possible to improve the upper bound on the size of the smallest number
with given persistence?

• How does excluding the zero digits from the calculaton of persistence, in
line with the conjecture by Erdös Pàl [2], affect matters?
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