A remark on two partition identities by Thomas Scharf, University of Bayreuth

Recently J.Thévenaz rose two questions on certain partition identities [Th]. In this note we will give a positive answer two both his questions.

Though the results themselves can be treated in a more elementary way, we would like to take a more general viewpoint, i.e. that of symmetric functions, or more disguised that of Lambda-Rings or polynomial functors. For notation we refer to the book of I.G.Macdonald [Mcd].

Let Λ(X) := ⨁ n Λ_n(X) be the algebra of symmetric functions over a countably infinite alphabet X := {x_1, x_2, . . .} graded by total degree. We will only need that the underlying ring R contains the field of rational numbers. For each d ∈ N^∗ let

ℓ_d := 1 d ∑ t|d μ(t)p^{d/t}_t , ℓ̃_d := 1 d ∑ t|d μ(t)(p^{d/t}_t − 1), where μ is the number theoretic Moebius function and the p_i are the symmetric power sums. Hence we have ℓ̃_d = ℓ_d, d > 1, ℓ̃_1 = ℓ_1 − 1 = p_1 − 1.

If we consider the algebra homomorphism Λ(X) → Q[q], F (X) → F (q), which replaces each p_i by a fixed indeterminate/constant q, we see that ℓ̃_d(q) is just the polynomial P̃_d of [Th]. This mapping behaves nicely with respect to the plethysm of symmetric functions [Mcd], that is (F ∘ G)(q) = F (G(q)). From this we get

(h_m ∘ ℓ_d)(q) = 1 m! ∑ π∈Sm ℓ_d(q)^{l(π)}, where l(π) denotes the number of cycles of π, which is well-known to be a binomial coefficient [Mcd]. Thus we get

(h_m ∘ ℓ_d)(q) = ( P̃_d + m − 1 m ) and (e_m ∘ ℓ_d)(q) = ( P̃_d m ) . Hence the left sides of theorems A and B of [Th] may be written as (∗) ∑ a⊢⊣n ∏ i (P̃_i+a_i−1 a_i ) = ∑ a⊢⊣n ∏ i(h_{ai} ∘ ℓ̃_i)(q), and ∑ a⊢⊣n (−1) ∑ j a_j ∏ i ( P̃_i a_i ) = ∑ a⊢⊣n ∏ i (((−1)^{ai} e_{ai} ) ∘ ℓ̃_i)(q),

respectively. Here a ⊢⊣ n means summing over all cycle types of n, i.e. over all sequences a := (a_1, . . . , a_n) of non-negative integers with ∑ i ia_i = n. The similarity of the formulas can be made more precise. One can – for each a ⊢⊣ n – define operators ϕ̂_{[a]} on Λ(X) such that ϕ̂_{[a]}h_n = ∏ i (h_{ai} ∘ ℓ̃_i) and ϕ̂_{[a]}(−1)^ne_n = ∏ i ((−1)^{ai} e_{ai} ∘ ℓ̃_i)

(see [S-T], for details).

There is a standard involution on Λ(X), namely F (X) → F (−X), in the sense of Lambdarings, which obeys h_n(−X) = (−1)^ne_n(X). Hence it is just this involution which interchanges the expressions .

And indeed they are inverse identities in the following sense (cf. [L-S],e.g., for the general situation). Let t be an indeterminate. Then it is well known that

σ_t := ∏ i (1 − x_it)^{−1} = ∑ n h_nt^n, λ_{−t} := ∏ i (1 + x_it) = ∑ n (−1)^ne_nt^n,

whence σ_t · λ_{−t} = 1 = λ_{−t} · σ_t.

It can also be shown that ϕ̂ := ∑ n ∑ a⊢⊣n ϕ̂[a] is a well-defined algebra homomorphism of

Λ(X) and it is easy to see that the product of the ”generating functions” of the left sides is ϕ̂(σ_t) · ϕ̂(λ_{−1}) = ϕ̂(1)t0 = 1.

This can, of course, also be seen directly. For the theorems are equivalent to the following identities of formal power series: ∏ i>0 ( 1 1 − t^i )^{P̃i} = 1 − t 1 − qt , and ∏ i>0 (1 − t^i)^{P̃i} = 1 − qt 1 − t . And, indeed, the first equation is equivalent to Gauss’ cyclotomic identity [Ga] ∏ i>0 ( 1 1 − t^i )^{ℓi(q)} = 1 1 − qt .

But also a direct proof of the first (and hence second equation) along the lines in [Th] is possible, as was shown to me by V.Welker [We].

We only need an easier proof of the fact that the number of semisimple conjugacy classes, i.e. of those whose elements are diagonalizable in a certain field extension of GF (q), is equal to q^n −q^{n−1}. For this we only have to note that these classes are in bijection to their characteristic polynomials. These polynomials are normed of degree n with non-zero constant term. But each of these polynomials is characteristic polynomial by the Jacobi normal form. Hence the number of semisimple classes is just the number of these polynomials which is obviously q^n − q^{n−1}.

References

[Ga] Gauß, C.F.: Werke, Bd.II Ed. by the Kgl.Ges.d.Wiss. zu Göttingen, 1863; reprint 1973, pp. 219-222.

[L-S] Lascoux, A., and M.-P. Schützenberger: Formulaire raisonné des fonctions symétriques Publ.Univ.Apris 7, 1985.

[Mcd] Macdonald, I.G.: Symmetric functions and Hall Polynomials. Clarendon Press, Oxford, 1979.

[S-T] Scharf, Th., and J.-Y. Thibon: A Hopf-Algebra Approach to Inner Plethysm.Adv.Math., to appear.

[Str] Strehl, Volker: Cycle counting for isomorphism types of endofunctions. in: Bayreuther Math.Schr. 40(1992),153-167.

[Th] Thévenaz, J.: On partition identities. in: Europ.J.Comb. 13(2)(1992),127-139. [We] Welker, V.: private communication,1992.