Hankel Matrices in Coding Theory and Combinatorics

I. Introduction A Hankel matrix (or persymmetric matrix) is a matrix (a_{ij} ) in which for every r the entries on the diagonal i + j = r are the same, i.e., a_{i,r−i} = c_r for some c_r. For a sequence c_0, c_1, c_2, . . . of real numbers we consider the collection of Hankel matrices A^{(k)}n , k = 0, 1, . . ., n = 1, 2, . . ., where

A^{(k)}_n = c_k c_{k+1} c_{k+2} . . . c_{k+n−1} c_{k+1} c_{k+2} c_{k+3} . . . c_{k+n} c_{k+2} c_{k+3} c_{k+4} . . . c_{k+n+1} . . . . . . . . c_{k+n−1} c_{k+n} c_{k+n+1} . . . c_{k+2n−2}

. (1)

So the parameter n denotes the size of the matrix and the 2n − 1 successive elements c_k, c_{k+1}, . . . , c_{k+2n−2} occur in the diagonals of the Hankel matrix. We shall further denote the determinant of a Hankel matrix by

d^{(k)}_n = det(A^{(k)}_n ).

Hankel matrices occur in the Berlekamp - Massey algorithm for the decoding of BCH - codes and they found recent applications in Combinatorics motivated by the proof of the refined alternating sign matrix conjecture on the one hand and by the derivation of combinatorial identities for their determinants on the other hand. One such identity concerns the Catalan numbers^1_{2m+1}

(_{2m+1} m ) , namely it is well known that the Catalan numbers are the unique sequence such that det(A^{(0)}n ) = det(A^{(1)}n ) = 1, cf. e. g. [36], p. 232. Furthermore, Mays and Wojciechowski [23] gave a combinatorial interpretation of this determinant.

Theorem 1 ([23]): If the c_m’s are Catalan numbers, c_m =^1_{2m+1}

(_{2m+1} m ) , then det(A^{(k)}n ) is the number of n–tuples (γ_0, . . . , γ_{n−1}) of vertex – disjoint paths in the integer lattice Z × Z (with directed vertices from (i, j) to either (i, j + 1) or to (i + 1, j)) never crossing the diagonal x = y, where the path γ_r is from (−r, −r) to (k + r, k + r). Especially, det(A^{(2)}n ) = n + 1 and det(A^{(3)}n ) =^{(n+1)(n+2)(2n+3)}_6 .

We shall derive a formula for det(A^{(k)}n ) and all n ≥ 1, k ≥ 0 in case that the entries c_m are Catalan numbers. Further, a similar formula holds for Hankel determinants formed of binomial coefficients

(_{2m+1} m ) . Theorem 2:

a) For the sequence c_m =^1_{2m+1}

(_{2m+1} m ) , m = 0, 1, . . . of Catalan numbers it is

d^{(0)}_n = d^{(1)}_n = 1, d^{(k)}_n = ∏ 1≤i≤j≤k−1

i + j + 2n i + j for k ≥ 2, n ≥ 1. (2)

b) For the binomial coefficients c_m =

(_{2m+1} m ) , m = 0, 1, . . .

d^{(0)}_n = 1, d^{(k)}_n = ∏ 1≤i≤j≤k

i + j − 1 + 2n i + j − 1 for k, n ≥ 1. (3)

The proof is based on the following identity for Hankel determinants.

d^{(k+1)}_n · d^{(k−1)}_n − d^{(k+1)}_{n−1} · d^{(k−1)}_{n+1} − [d^{(k)}_n ]^2 = 0. (4)

This identity is an immediate consequence of Dodgson’s algorithm for the evaluation of determinants (see Section 4) and can already be found in the book by Polya and Szegö [28], Ex. 19, p. 102.

We are going to derive Theorem 2 in the next Section, where we shall also apply recursion (4) to further Hankel determinants, for instance to those studied by Aigner in a series of papers [1], [2], [4] for the cases that the entries c_0, c_1, . . . are Motzkin numbers, Bell numbers and Catalan – like numbers.

Let us recall some properties of Hankel matrices. Of special importance is the equation

c_0 c_1 c_2 . . . c_{n−1} c_1 c_2 c_3 . . . c_n c_2 c_3 c_4 . . . c_{n+1} . . . . . . . . c_{n−1} c_n c_{n+1} . . . c_{2n−2} · a_{n,0} a_{n,1} a_{n,2} . . a_{n,n−1} = −c_n −c_{n+1} −c_{n+2} . . −c_{2n−1}

. (5)

Setting A_n = A^{(0)}n , by Cramer’s rule it is immediate that for j = 0, . . . , n − 1

a_{n,j} = det(A_{n,j}) det(A_n)

. (6)

where A_{n,j} is the matrix obtained from A_n by replacing the j–th column with the vector −c_n −c_{n+1} . . −c_{2n−1} .

Further it is known (cf. [9], p. 246) that the polynomials

t_n(x) := x^n + a_{n,n−1}x^{n−1} + a_{n,n−2}x^{n−2} + . . . a_{n,1}x + a_{n,0}. (7)

form a sequence of monic orthogonal polynomials with respect to the linear operator T mapping T (x^k) = c_k, i. e.

T (t_n(x) · t_m(x)) = 0 for n ≠ m. (8)

Moreover it is also clear from (5) see also [9], p. 246, that (8) is equivalent to

T (x^l · t_n(x)) = 0 for l = 0, . . . n − 1. (9)

This orthogonality can be exploited to find the eigenvalues of A_n. Firstly, there exists a decomposition of the matrix A_n = V_nD_nV^t_n as a product of a Vandermonde matrix V_n, its transpose V^t_n and a diagonal matrix D_n. Here the parameters in the Vandermonde matrix are essentially the roots of the polynomial t_n(x). This decomposition was known already to Prony [29] in 1795, cf. also [8].

A second way to diagnolize the matrix A_n (with D_n the diagonal matrix with the eigenvalues of A_n on its main diagonal) is via the product

A_n = T_n · D_n · T^t_n. (10) where

T_n =

1 0 0 . . . 0 0 a_{1,0} 1 0 . . . 0 0 a_{2,0} a_{2,1} 1 . . . 0 0 . . . . . . . . . . a_{n−1,0} a_{n−1,1} a_{n−2,2} . . . a_{n−1,n−2} 1

. (11)

is the triangular matrix whose entries are the coefficients of the polynomials t_m(x), m = 1, . . . , n − 1.

In Section 3 we shall discuss the Berlekamp – Massey algorithm for the decoding of BCH–codes, where Hankel matrices of syndromes resulting after the transmission of a code word over a noisy channel have to be studied, and a further fast algorithm for the triangularization of a Hankel matrix. Applications of these algorithms to combinatorial identities, especially to the three – term recurrence of the orthogonal polynomials t_n(x) in (7), will be discussed. Finally, in Section 4, the theory of alternating sign matrices is briefly sketched, where Hankel matrices occur in several places.

II. Combinatorial Identities for The Determinants of Hankel Matrices We shall first derive Theorem 2.

Proof of Theorem 2: We shall derive both results simultaneously. The proof will proceed by induction on n + k.

It is well known, e. g. [36], that for the Hankel matrices A^{(k)}n with Catalan numbers as entries it is d^{(0)}n = d^{(1)}n = 1. For the induction beginning it must also be verified that d^{(2)}n = n + 1 and that d^{(3)}n =^{(n+1)(n+2)(2n+3)}_6 is the sum of squares, cf. [23], which can also be easily seen by application of recursion (4).

Furthermore, for the matrix A^{(k)}n whose entries are the binomial coefficients

(_{2k+1} k ) , (_{2k+3} k+1 ) , . . . it was shown by Aigner [2] that d^{(0)}n = 1 and d^{(1)}n = 2n + 1. Application of (4) shows that d^{(2)}n =^{(n+1)(2n+1)(2n+3)}

3 , i. e., the sum of squares of the odd positive integers.

Also, it is easily seen by comparing successive quotients^{ck+1}_{ck} that for n = 1 the product in (2) yields the Catalan numbers and the product in (3) yields the binomial coefficients (_{2k+1} k+1 ) , cf. also [12].

Now it remains to be verified that (2) and (3) hold for all n and k, which will be done by checking recursion (4). The sum in (4) is of the form (with either d = 0 for (2) or d = 1 for (3) and shifting k to k + 1 in (2)) k∏ i,j=1

i + j − d + 2n i + j − d · k−2∏

i,j=1

i + j − d + 2n

i + j − d − k∏ i,j=1

i + j − d + 2(n + 1) i + j − d · k−2∏

i,j=1

i + j − d + 2(n − 1) i + j − d −

− k−1∏

i,j=1

i + j − d + 2n i + j − d 2

= k−1∏

i,j=1

i + j − d + 2n

i + j − d 2 ·

· (∏_k j=1(k + j − d + 2n) ∏_k

j=1(k + j − d) · ∏_{k−1}

j=1 (k − 1 + j − d) ∏_{k−1} j=1 (k − 1 + j − d + 2n) − ∏_{k−1} j=0 (j − d + 2n) ∏_k

j=1(k + j − d) · ∏_{k−1} j=1 (k − 1 + j − d) ∏_{k−1} j=1 (1 + j − d + 2n) − 1 )

= k−1∏

i,j=1

i + j − d + 2n

i + j − d 2 ·

· ( (2n + 2k − d)(2n + 2k − 1 − d)(k − d)

(2n + k − d)(2k − d)(2k − 1 − d) − (2n − d)(2n + 1 − d)(k − d) (2n + k − d)(2k − d)(2k − 1 − d) − 1 ) . This expression is 0 exactly if

(2n+2k−d)(2n+2k−1−d)(k−d)−(2n−d)(2n+1−d)(k−d)−(2n+k−d)(2k−d)(2k−1−d) = 0. (12) In order to show (2), now observe that here d = 0 and then it is easily verified that

(n + k)(2n + 2k − 1) − n(2n + 1) − (2n + k)(2k − 1) = 0.

In order to show (3), we have to set d = 1 and again the analysis simplifies to verifying

(2n + 2k − 1)(n + k − 1) − (2n − 1)n − (2n + k − 1)(2k − 1) = 0. □ Remark:

1) The identity det(A^{(0)}n ) = 1, when the c_m’s are Catalan numbers or binomial coefficients (_{2m+1} m ) can already be found in [25], pp. 435 – 436.

2) Observe that in (2) and (3) it is^{d(4)n}_{d(4)n−1} =^{d(3)n+1}_{d(3)n−1} . So, for instance in (2) the next sequence is given by

d^{(4)}_n = d^{(3)}_{n+1} · d^{(3)}n 5 = n(n + 1)^2(n + 2)(2n + 1)(2n + 3) 180 . 3) Formula (2) was also studied by Desainte–Catherine and Viennot [12] in the analysis of disjoint paths in a bounded area of the integer lattice and perfect matchings in a certain graph as a special Pfaffian. Another interpretation of the determinant d^{(k)}n in (2) giving the number of k–tuples of disjoint positive lattice paths is found in [23]. However, an explicit formula is given only for k = 0, 1, 2, 3. For the case k = 2 formula (2) was also derived as the number of pairs of noncrossing positive lattice paths [18]. Indeed, the result in [23] follows from a more general determinant identity for disjoint paths in graphs (see [19]). The use of determinants in the enumeration of disjoint paths is, of course, well known, cf. [15] or [3]. One might further investigate conditions under which the arising determinant is a Hankel determinant. One such situation will be discussed in Section 4.

Aigner evaluated the determinants in case that the entries in the Hankel matrices are the Motzkin numbers ([1]) and the Bell numbers ([4]).

Theorem 3 ([1]): Choosing the sequence (c_m)_{m=0,1,2,...} as the Motzkin numbers it is

det(A^{(0)}_n ) = 1, det(A^{(1)}_n ) =

1 if n ≡ 0, 1 mod 6 0 if n ≡ 2, 5 mod 6 −1 if n ≡ 3, 4 mod 6

Theorem 4 ([4]): The Bell numbers are the unique sequence (c_m)_{m=0,1,2,...} such that

det(A^{(0)}_n ) = det(A^{(1)}_n ) = n∏ k=0 k!, det(A^{(2)}_n ) = r_{n+1} n∏ k=0 k!, where r_n = 1 +

∑_n

l=1 n(n − 1) · · · (n − l + 1) is the total number of permutations of n things.

Aigner [4] used an approach via generating functions in order to derive d^{(2)}n = det(A^{(2)}n ) in Theorem 4. Let us demonstrate the use of recursion (4) by setting d^{(2)}n = r_{n+1} ·

∏_n k=0 k!.

Then using (4) one obtains the recurrence

r_{n+1} = (n + 1) · r_n + 1, r_2 = 5, which just characterizes the total number of permutations of n things, cf. [30], p. 16, and hence can derive det(A^{(2)}n ) from det(A^{(0)}n ) and det(A^{(1)}n ) also this way.

Further, in [2] Aigner introduced Catalan – like numbers and considered Hankel determinants for these numbers. For positive reals a, s_1, s_2, s_3, . . . Catalan – like numbers C^{(a,⃗s)}m , ⃗s = (s_1, s_2, s_3, . . .) can be defined as entries b(m, 0) in a two – dimensional array b(m, k), m = 0, 1, 2, . . ., k = 0, 1, . . . , m with initial conditions b(m, m) = 1 for all m = 0, 1, 2, . . ., b(0, k) = 0 for k > 0, and recursion

b(m, 0) = a · b(m − 1, 0) + b(m − 1, 1), b(m, k) = b(m − 1, k − 1) + s_k · b(m − 1, k) + b(m − 1, k + 1) for k = 1, . . . , m. (13) The matrices B_n = (b_{m,k})_{m,k=0,...,n−1}, obtained from this array, have the property that B_n · B^t_n is a Hankel matrix, which has, of course, determinant 1. Aigner [2] intensively studied Catalan – like numbers with s_k = s for some fixed s denoted here by C^{(a,s)}m . In the example below the binomial coefficients

(_{2m+1} m ) arise as C^{(3,2)}. 1 3 1 10 5 1 35 21 7 1 126 84 36 9 1

So, by the previous considerations, choosing c_m = C^{(a,⃗s)}m we have that the determinant d^{(0)}n = 1 for all n. In [2] it is also computed the determinant d^{(1)}n via the recurrence

d^{(1)}_n = s_{n−1} · d^{(1)}_{n−1} − d^{(1)}_{n−2}. (14)

with initial values d^{(1)}_0 = 1, d^{(1)}_1 = a.

One might now introduce a new leading element c_{−1} to the sequence c_0, c_1, c_2, . . . and define the n × n Hankel matrix A^{(−1)}n and its determinant d^{(−1)}n for this new sequence. For instance:

Corollary 1: Let (c_m = C^{(s,s)}m )_{m=0,1,...} be the sequence of Catalan–like numbers with parameters (s, s), s > 1 and let c_{−1} = 1. Let A^{(k)}n be the Hankel matrix of size n × n as under (1) and let d^{(k)}n denote its determinant. Then

d^{(−1)}_n = (s − 1)(n − 1) + 1, d^{(0)}_n = 1, d^{(1)}_n = sn + 1, d^{(2)}_n = n+1∑ j=1 (sj + 1)^2.

Proof: d^{(0)}n and d^{(1)}n are known from Propositions 6 and 7 in [2]. So the sequences d^{(k)}n are known for two successive k’s, such that the formulae for d^{(−1)}n and d^{(2)}n are easily found using recursion (4). □

III. The Berlekamp – Massey Algorithm Peterson [26] and Gorenstein and Zierler [17] presented an efficient algorithm for the decoding of BCH codes. The most time–consuming task is the inversion of a Hankel matrix A_n (= A^{(0)}n as in (1)), in which the entries c_i now are special syndromes resulting after the transmission of a codeword over a noisy channel. Matrix inversion, which takes O(n^3) steps was proposed to solve equation (5).

Berlekamp found a way to determine the a_{n,j} in (5) in O(n^2) steps by an approach regarding them as coefficients of a polynomial. Massey [24] gave a variation in terms of a linear feedback shift register. The algorithm is presented by Berlekamp in [5]. We follow here Blahut’s book [6], p. 180.

The algorithm consist in constructing a sequence of shift registers (L_i, u_i(x)), i = 1, . . . , 2n − 2, where L_i denotes the length and

u_i(x) = b_{i,i}x^i + b_{i,i−1}x^{i−1} + . . . + b_{i,1}x + 1.

the feedback–connection polynomial of the i–th shift register. For an introduction to shift registers see, e. g., [6], pp. 131, The Berlekamp – Massey algorithm will iteratively compute the polynomials u_i(x) as follows using a second sequence of polynomials v_i(x). Berlekamp – Massey Algorithm (as in [6], p. 180): Let u_0(x) = 1, v_0(x) = 1 and L_0 = 0. Then for i = 1, . . . , 2n − 2 set

e_i = i∑ j=0 b_{i−1,j} c_{i−1−j}, (15)

L_i = δ_i(i − L_{i−1}) + (1 − δ_i)L_{i−1}, (16) ( u_i(x) v_i(x) ) = ( 1 −e_ix δ_i · 1/e_i (1 − δ_i)x ) · ( u_{i−1}(x) v_{i−1}(x) ) , (17)

where

δ_i = { 1 if e_i ≠ 0 and 2L_{i−1} ≤ i − 1 0 otherwise (18)

We shall assume from now on that all principal submatrices A_j , j ≤ n of the Hankel matrix A_n are nonsingular. For this case, Imamura and Yoshida [20] demonstrated that L_i = L_{i−1} =^i_2 for even i and L_i = i − L_{i−1} =^{i+1}_2 for odd i such that δ_i is 1 if i is odd and 0 if i is even. An interpretation of the Berlekamp – Massey algorithm via the theory of Hankel matrices is given in [21].

With the result of Imamura and Yoshida [20] the algorithm is simplified in (16) and we obtain the recursion ( u_{2i}(x) v_{2i}(x) ) = ( 1 −^{e2i}_{e2i−1} x −e_{2i−1}x 1 e_{2i−1} x 0 ) · ( u_{2i−2}(x) v_{2i−2}(x) ) . (19)

Also, it is easily seen, that v_{2i}(x) =^1_{e2i−1} xu_{2i−2}(x), such that from (19) we have the following three–term recurrence for u_{2i}(x).

u_{2i}(x) = (1 − e_{2i} e_{2i−1} x)u_{2i−2}(x) − e_{2i−1} e_{2i−3} x^2u_{2i−4}(x).

Since the Berlekamp - Massey algorithm determines the solution of equation (5) it must be u_{2n}( 1 x ) = t_n(x).

as under (7). By the previous considerations, for t_n(x), n = 2i, we have the recurrence

t_n(x) = (x − e_n e^′_n

)t_{n−1}(x) − e^′_n e^′_{n−1} t_{n−2}(x), (20)

where e_n = e_{2i} and e^′_n = e_{2i−1} are obtained as in (15).

From the algorithm it is then clear with T being the linear operator mapping T (x^k) = c_k as in (8) that

e_n = e_{2i} = T ( x^it_{i−1}(x) − e_{2i−1} e_{2i−3} x^{i−1}t_{i−2}(x) ) , e^′_n = e_{2i−1} = T (x^{i−1} · t_{i−1}(x)) = T (t_{i−1}(x) · t_{i−1}(x)), (21) where the last equality follows from (9).

It is not yet obvious, but in the course of the Berlekamp – Massey algorithm we also computed the determinants of the matrices A_j , j = 0, . . . , n. In order to see this, we shall first discuss further fast algorithms yielding the eigenvalues of A_n.

Phillips [27] in 1971 also gave a fast O(n^2) algorithm to find a triangularization of a Hankel matrix A_n. He required that all principal minors A_j, j ≤ n are nonsingular. Rissanen [32] gave an algorithm only requiring that A_n is nonsingular. Kung [22] remarked that the Berlekamp – Massey algorithm is related to the Lanczos process in matrix theory. This was further explored by Boley, Lee, and Luk [7], who gave the following method to find a factorization A_n · U_n = L_n, where A_n = A^{(0)}n as in (1) is an n × n Hankel matrix and

L_n = l_{11} 0 0 . . . 0 l_{21} l_{22} 0 . . . 0 . . . . . . . . l_{n1} l_{n2} l_{n3} . . . l_{nn}

, U_n = u_{11} u_{12} u_{13} . . . u_{1n} 0 u_{22} u_{23} . . . u_{2n} . . . . . . . . 0 0 0 . . . u_{nn}

are lower and upper triangular matrices.

The speed of the algorithm is due to the fact that columns No. j + 1, ⃗l_{j+1} and ⃗u_{j+1}, in L and U are obtained only using the entries in the previous two columns ⃗l_j, ⃗l_{j−1} and ⃗u_j, ⃗u_{j−1}, respectively.

Namely, we start with ⃗l_1 = c_0 c_1 . . c_{2n−2} consisting of the entries of the Hankel matrix A_n

and ⃗u_1 = 1 0 . . 0 being the first unit vector of size 2n − 1.

Having obtained the first j colums in L_n and U_n, respectively, with Z =

0 0 . . . 0 0 1 0 . . . 0 0 0 1 . . . 0 0 . . . . . . . . 0 0 . . . 1 0 of size (2n − 1) × (2n − 1) and Z^t its transpose we calculate

⃗l_{j+1} = Z^t · ⃗l_j − l^{jj} l_{j−1,j−1}

· ⃗l_{j−1} − ( l_{j+1,j} l_{jj} − l_{j,j−1} l_{j−1,j−1}

)⃗l_j (22)

and apply to the colums in U the analogous recursion

⃗u_{j+1} = Z · ⃗u_j − l_{jj} l_{j−1,j−1}

· ⃗u_{j−1} − ( l_{j+1,j} l_{jj} − l_{j,j−1} l_{j−1,j−1}

)⃗u_j. (23)

The subvectors of the initial n elements of ⃗l_{j+1} and ⃗u_{j+1} then form the (j + 1)–th column (j = 2, . . . , n − 1) of L_n and U_n, respectively. (Of course, in the first step, we only apply ⃗l_2 = Zt · ⃗l_1 −^{l2,1}_{l11} ⃗l_1 and ⃗u_2 = Z · ⃗u_1 −^{l2,1}_{l11} ⃗u_1.)

Exactly the same recurrence was already known to Chebyshev in his algorithm in [11] in the theory of moments and orthogonal polynomials. His research was motivated by problems concerning continued fractions. The relation between continued fractions and the Berlekamp – Massey algorithm has also been studied in [37]. Applications of continued fractions in Combinatorics are found in Flajolet’s paper [14].

Since from [7] it is clear, that the matrix U_n is the transpose of the triangular matrix T_n in (11) with the coefficients of the orthogonal polynomials t_m(x), m ≤ n − 1 as entries (and det(T_n) = det(U_n) = 1), it is det(A_n) = det(L_n). So, from (23) it is immediate the following three – term recursion for these polynomials t_n(x) = ( x − ( l_{n+1,n} l_{nn} − l_{n,n−1} l_{n−1,n−1} ) ) · t_{n−1}(x) − l_{nn} l_{n−1,n−1}

· t_{n−2}(x). (24)

By induction it is also clear that the elements on the main diagonal of the lower triangular matrix are

l_{11} = c_0, l_{ii} = det(A_i) det(A_{i−1}) for i = 2, . . . , n. (25)

Now observe that the two recurrence formulae (21) and (24) yield the same sequence of polynomials t_n(x) (as in (7)), so the coefficients in these recurrences must be the same, thus we have

e^′_n = l_{nn}, e_n = ( l_{n+1,n} l_{nn} − l_{n,n−1} l_{n−1,n−1}

)/l_{nn}. (26)

So we have found two interpretations of the coefficients in the three–term recurrence formula

t^{(k)}_n (x) = (x − μ^{(k)}_n )t^{(k)}_{n−1}(x) − ν^{(k)}_n t^{(k)}_{n−2}(x) (27) for the sequence of orthogonal polynomials

t^{(k)}_n (x) = x^n + a^{(k)}_{n,n−1}x^{n−1} + . . . + a^{(k)}_{n,1}x + a^{(k)}_{n,0},

n = 0, 1, 2, . . . defined as in (7) where the coefficients in t^{(k)}n (x) yield the solution of the system of linear equations.

c_k c_{k+1} c_{k+2} . . . c_{k+n−1} c_{k+1} c_{k+2} c_{k+3} . . . c_{k+n} c_{k+2} c_{k+3} c_{k+4} . . . c_{k+n+1} . . . . . . . . c_{k+n−1} c_{k+n} c_{k+n+1} . . . c_{k+2n−2} · a^{(k)}_{n,0} a^{(k)}_{n,1} a^{(k)}_{n,2} . . a^{(k)}_{n,n−1} = −c_{k+n} −c_{k+n+1} −c_{k+n+2} . . −c_{k+2n−1} .

A third formula can be obtained from identity (4).

Proposition 1: Let d^{(k)}n , etc. be the Hankel determinants in (4). Then

μ^{(k)}_n = d^{(k+1)}_{n−2} d^{(k)}n d^{(k+1)}_{n−1} d^{(k)}_{n−1} − d^{(k+1)}n d^{(k)}_{n−1} d^{(k+1)}_{n−1} d^{(k)}n ν^{(k)}_n = d^{(k)}n d^{(k)}_{n−2} [d^{(k)}_{n−1}]^2

. (28)

Proof: The identity for ν^{(k)}n is immediate from (24) and (25). In order to determine the μ^{(k)}n observe that for the constant term a^{(k)}_{n,0} in t^{(k)}n (x) by the three–term recurrence must hold

a^{(k)}_{n,0} = μ^{(k)}_n · a^{(k)}_{n−1,0} + ν^{(k)}_n · a^{(k)}_{n−2,0}.

Now μ^{(k)}n can be determined from ν^{(k)}n and the fact that by Cramer’s rule applied as in (6) it is a^{(k)}_{n,0} = (−1)^{n d(k+1)n}_{d(k)n} . □

Let us now explicitly determine the three – term recursion of some orthogonal polynomials related to Hankel determinants whose entries are Catalan - like numbers C^{(a,⃗s)}m . Corollary 2:

a) Let A^{(0)}n be the Hankel matrix (1) with the Catalan – like numbers c_m = C^{(a,⃗s)}m , ⃗s = (s_1, s_2, . . .) defined by (13) as entries. Then

t^{(0)}_n (x) = (x − d^{(1)}_n ) · t^{(0)}_{n−1}(x) − t^{(0)}_{n−2}(x), t^{(0)}_0 (x) = 1, t^{(1)}_1 (x) = x − a

where d^{(1)}n = s_{n−1} · d^{(1)}_{n−1} − s_{n−2} · d^{(1)}_{n−2}. b) For the Catalan numbers c_m =^1_{2m+1}

(_{2m+1} m ) additionally

t^{(0)}_n (x) = (x − 2) · t^{(0)}_{n−1}(x) − t^{(0)}_{n−2}(x), t^{(0)}_0 (x) = 1, t^{(0)}_1 (x) = x − 1,

t^{(1)}_n (x) = (x − 2) · t^{(1)}_{n−1}(x) − t^{(1)}_{n−2}(x), t^{(1)}_0 (x) = 1, t^{(1)}_1 (x) = x − 2,

t^{(2)}_n (x) = (x −

(n + 1)^2 + n^2 n(n + 1)

) · t^{(2)}_{n−1}(x) − n^2 − 1

n^2 t^{(2)}_{n−2}(x), t^{(2)}_0 (x) = 1, t^{(2)}_1 (x) = x − 5 2 . Proof: The recursion for the orthogonal polynomials t^{(0)}n (x) is immediate, since the determinant d^{(0)}n = 1 for all n and hence also ν^{(0)}n in (28) must be 1. The recursion for μ^{(0)}n then must be the same as (14). The Catalan numbers c_m =^1_{2m+1}

(_{2m+1} m ) themselves occur as Catalan – like numbers c_m = C^{(1,2)}m and c_{m+1} = C^{(2,2)}m . Hence, for this choice the recursion for the polynomials t^{(k)}n are known for k = 0, 1. The next recurrence formula for k = 2 follows from (28). □

It is well - known that the Chebyshev – polynomials of the second kind

u_n(x) =

⌊^n_2 ⌋∑

i=0 (−1)^i ( n − i i ) (2x)^{n−2i}

with recursion

u_n(x) = 2x · u_{n−1}(x) − u_{n−2}(x), u_0(x) = 1, u_1(x) = 2x

come in for Hankel matrices with Catalan numbers as entries as under b) in the previous corollary.

For instance, in this case

t^{(0)}_n (x^2) = 1 x u_{2n}( x 2 ), t^{(1)}_n (x^2) = 1 x u_{2n+1}( x 2 ). It can further be shown that

n · t^{(1)}_{n−1}(x) = d dx (t^{(0)}_n (x) − t^{(0)}_{n−1}(x)), n · t^{(2)}_{n−1}(x) = d dx (t^{(1)}_n (x) − t^{(1)}_{n−1}(x)).

Unfortunately, this generation rule does not continue for t^{(i)}n (x) with i > 2.

IV. Alternating Sign Matrices An alternating sign matrix is a square matrix with entries from {0, 1, −1} such that i) the entries in each row and column sum up to 1, ii) the nonzero entries in each row and column alternate in sign.

Robbins and Rumsey discovered the alternating sign matrices in the analysis of Dodgson’s algorithm in order to evaluate the determinant of an n × n – matrix A. Reverend Charles Lutwidge Dodgson, who worked as a mathematician at the Christ College at the University of Oxford is much wider known as Lewis Carroll, the author of [10]. His algorithm, which is presented in [9], pp. 113 – 115, is based on the following identity for any matrix (for a combinatorial proof see [40]). Theorem 5 [13]:

det ((a_{i,j})_{i,j=1,...,n}) · det ((a_{i,j})_{i,j=2,...,n−1}) =

det ((a_{i,j})_{i,j=1,...,n−1})·det ((a_{i,j} )_{i,j=2,...,n})−det ((a_{i,j})_{i=1,...,n−1,j=2,...,n})·det ((a_{i,j} )_{i=2,...,n,j=1,...,n−1}) . (29) If (a_{i,j})_{i,j=1,...,n} in (29) is a Hankel matrix, then all the other matrices in (29) are Hankel matrices, too. Hence recursion (4) from the introduction is an immediate consequence of Dodgson’s result.

From (29) the following algorithm for determinant evaluation is immediate. Dodgson’s algorithm: The algorithm works on pairs of matrices (A^{(n)}, B^{(n)}), where A^{(1)} = A is the matrix whose determinant should be found and B^{(1)} is the (n − 1) × (n − 1) all–one matrix. Then (A^{(r+1)}, B^{(r+1)}) (with A^{(r)} = (a^{(r)}_{ij} )_{i,j=1,...,n−r+1}, B^{(r)} = (b^{(r)}_{ij} )_{i,j=1,...,n−r} is obtained from (A^{(r)}, B^{(r)}) by

a^{(r+1)}_{ij} = 1 b^{(r)}_{ij}

(a^{(r)}_{ij} a^{(r)}_{i+1,j+1} − a^{(r)}_{i,j+1}a^{(r)}_{i+1,j}), i, j = 1, . . . , n − r,

b^{(r+1)}_{ij} = a^{(r)}_{i+1,j+1}, i, j = 1, . . . , n − r − 1.

If some b^{(r)}_{ij} in the course of the computation is 0, then the algorithm fails, otherwise the final 1 × 1 – matrix A^{(n)} contains the determinant of A.

So, only 2 × 2 determinants have to be calculated in the course of Dodgson’s algorithm (which also allows to compute a determinant by hand quite fast). Robbins asked what would happen, if in the algorithm we would replace the determinant evaluation a^{(r)}_{ij} a^{(r)}_{i+1,j+1} − a^{(r)}_{i,j+1}a^{(r)}_{i+1,j} by the prescription a^{(r)}_{ij} a^{(r)}_{i+1,j+1} + xa^{(r)}_{i,j+1}a^{(r)}_{i+1,j}, where x is some variable.

It turned out that this yields a sum of monomials in the a_{ij} and their inverses, each monomial multiplied by a polynomial in x. The monomials are of the form

∏_n

i,j=1 a b_{ij} ij where the b_{ij} ’s are the entries in an alternating sign matrix. The exact formula can be found in Theorem 3.13 in the book “Proofs and Confirmations: The Story of The Alternating Sign Matrix Conjecture” by David Bressoud [9].

The alternating sign matrix conjecture concerns the total number of n × n alternating sign matrices, which was conjectured by Mills, Robbins, and Rumsey to be

∏_{n−1} j=0 (3j+1)! (n+j)! .

The problem was open for fifteen years until it was finally settled by Zeilberger [38]. The development of ideas is described in the book by Bressoud. There are deep relations to various parts of Algebraic Combinatorics, especially to plane partitions, where the same counting function occured, and also to Statistical Mechanics, where the configuration of water molecules in “square ice” can be described by an alternating sign matrix. As an important step in the derivation of the refined alternating sign matrix conjecture [39], a Hankel matrix comes in, whose entries are c_m =^{1−qm+1}_{1−q3(m+1)} . The relevant orthogonal polynomials in this case are a discrete version of the Legendre polynomials.

Let us conclude with an observation yielding another link to alternating sign matrices. It might be interesting to ask about the values of det(A_n), when for the entries c_m in the Hankel matrix A_n = A^{(0)}n we choose generalized Catalan numbers C^{(s)}m =^1_{sm+1}

(_{sm+1} m ) , where s ≥ 2 is a positive integer.

The following interpretation of the determinant of the Hankel matrix A^{(k)}n with generalized Catalan numbers^1_{sm+1}

(_{sm+1} m ) as entries c_m is analogous to Proposition 1 and the proof follows the same line as the proof of Proposition 1 in [23], since the generalized Catalan number is the number of paths from (0, 0) to (m, (s−1)m), which never cross the diagonal (s − 1)x = y.

Proposition 2: If the c_m’s in (1) are generalized Catalan numbers, c_m =^1_{sm+1}

(_{sm+1} m ) , s ≥ 2 a positive integer then det(A^{(k)}n ) is the number of n–tuples (γ_0, . . . , γ_{n−1}) of vertex – disjoint paths in the integer lattice Z × Z (with directed vertices from (i, j) to either (i, j + 1) or to (i + 1, j)) never crossing the diagonal (s − 1)x = y, where the path γ_r is from (−r, −(s − 1)r) to (k + r, (s − 1)(k + r)).

For the choice s = 3 (where the sequence of generalized Catalan numbers starts with 1, 1, 3, 12, 55, 273, . . .) we observed two identities related to sequences arising in the enumeration of special types of plane partitions and alternating sign matrices. One might ask if the coincidence continues for further elements of the sequences mentioned below. a) If c_m = C^{(3)}m for all m, then the first values for the determinant det(A^{(0)}n ) are 1, 2, 11, 170, 7429, 920460. which coincides with the first elements of the sequence of numbers

n−1∏ i=0 (3i + 1)! · (6i)! · (2i)!

(4i)! · (4i + 1)!

counting cyclically symmetric transpose complement plane partitions as studied in [9], Eq. (6.15), p. 199.

b) The first values of det(A^{(1)}n ) are 1, 3, 26, 646, 45885, 9304650. On these first 6 values the sequence coincides with the sequence V_{2n+1}, n ≥ 1 defined by^{V2n+1}_{V2n−1} =

(_{6n−2} 2n ) /2 (_{4n−1} 2n ) (cf. [9], (6.18) on p. 201) conjectured in [35] to count alternating sign (2n + 1) × (2n + 1) matrices which are invariant under a reflection about a vertical axis.

References

[1] M. Aigner, “Motzkin numbers”, Europ. J. Combinatorics 19, 1998, 663 – 675.

[2] M. Aigner, “Catalan-like numbers and determinants”, J. Combin. Theory Ser. A 87, 1999, 33 – 51.

[3] M. Aigner, “Binomial–Determinanten und Gitterwege”, Math. Semesterber. 46, 1996, 215 – 229.

[4] M. Aigner, “A characterization of the Bell numbers”, Discrete Math. 205, no. 1-3, 1999, 207–210.

[5] E. R. Berlekamp, Algebraic Coding Theory, McGraw–Hill, 1968.

[6] R. E. Blahut, Theory and Practice of Error Control Codes, Addison – Wesley, 1984.

[7] D. L. Boley, T. J. Lee, and F. T. Luk, “The Lanczos algorithm and Hankel matrix factoriztion”, Lin. Alg. Appl. 172, 1992, 109 – 133.

[8] D. L. Boley, F. T. Luk, and D. Vandevoorde, “A fast method to diagonalize a Hankel matrix”, Lin. Alg. Appl., 284, 1998, 41 – 52.

[9] D. M. Bressoud, Proofs and Confirmations, Cambridge Univ. Press, 1999.

[10] Lewis Carroll, Alice’s Adventures in Wonderland, 1865.

[11] P. L. Chebyshev, “Sur l’interpolation par la méthode des moindres carrés”, Mém.

Acad. Impér. Sci. St. Pétersbourg (7) 1 (15), 1859, 1 – 24, also: Oeuvres I, 473 – 489.

[12] M. Desainte-Catherine and G. Viennot, “Enumeration of certain Young tableaux with bounded height”, Combinatoire Enumerative (Montreal 1985), Lect. Notes Math. 1234, 1986, 58 – 67.

[13] C. L. Dodgson, “Condensation of determinants”, Proceedings of the Royal Society of London 15, 1866, 150 – 155.

[14] P. Flajolet, “Combinatorial aspects of continued fractions”, Discrete Math. 32, 1980, 125 – 161.

[15] I. Gessel and G. Viennot, “Binomial determinants, paths and hook length formulae”, Advances in Mathematics 58, 1985, 300 – 321.

[16] D. C. Gorenstein, W. W. Peterson, and N. Zierler, “Two–error correcting Bose– Chaudhuri codes are quasi–perfect”, Informtion and Control 3, 1960, 291 – 294.

[17] D. C. Gorenstein and N. Zierler, “A class of error–correcting codes in p^m symbols”, J. Soc. Indus. Appl. Math. 9, 1961, 207 – 214.

[18] D. Gouyou-Beauchamps, “Chemins sous – diagonaux et tableaux de Young”, Combinatoire Enumerative (Montreal 1985), Lect. Notes Math. 1234, 1986, 112 – 125.

[19] H.-D. Gronau, W. Just, W. Schade, P. Scheffler, and J. Wojciechowski, “Path systems in acyclic directed graphs”, Zastosowania Matematyki (Applicationes Mathematicae) XIX 3 – 4, 1987, 399 – 411.

[20] K. Imamura and W. Yoshida, “A simple derivation of the Berlekamp – Massey algorithm and some applications”, IEEE Trans. Inform. Theory 33, 1987, 146 – 150.

[21] E. Jonckheere and C. Ma, “A simple Hankel interpretation of the Berlekamp – Massey algorithm”, Lin. Alg. Appl. 125, 1989, 65 – 76.

[22] S. Y. Kung, Multivariable and Multidimensional Systems: Analysis and Design, Ph.D. Thesis, Dept. of Electrical Engineering, Stanford, 1977.

[23] M. E. Mays and J. Wojciechowski, “A determinant property of Catalan numbers”, Discrete Math. 211, 2000, 125 – 133.

[24] J. L. Massey, “Shift register synthesis and BCH decoding”, IEEE Trans. Inform.

Theory 15, 1969, 122 – 127.

[25] T. Muir, Theory of Determinants, Dover, 1960.

[26] W. W. Peterson, “Encoding and error–corection procedures for the Bose–Chaudhuri codes”, Trans. IRE 6, 1960, 459 – 470.

[27] J. L. Phillips, “The triangular decomposition of Hankel matrices”, Math. Comp. 25 (115), 1971, 599 – 602.

[28] G. Polya and G. Szegö, Aufgaben und Lehrsätze aus der Analysis, Vol. II, 3rd ed., 1964.

[29] R. Prony, “Essai expérimental et analytique sur les lois de la dilatabilité et sur les celles de la force expansive de la vapeur de l’ alcool, à différentes températures”, J. de l’École Polytechnique 1, 1795, 24 – 76.

[30] J. Riordan, An Introduction to Combinatorial Analysis, Wiley, 1958. [31] J. Riordan, Combinatorial Identities, Wiley, 1968.

[32] J. Rissanen, “Solution of linear equation with Hankel and Toeplitz matrices”, Numer. Math. 22, 1974, 361 – 366.

[33] T. J. Rivlin, The Chebyshev Polynomials, Wiley, 1974. [34] L. W. Shapiro, “A Catalan triangle”, Discrete Math., 14, 1976, 83 – 90. [35] R. P. Stanley, “A baker’s dozen of conjectures concerning plane partitions”, Combinatoire Enumerative (Montreal 1985), Lect. Notes Math. 1234, 1986, 285-293.

[36] R. P. Stanley, Enumerative Combinatorics 2, Cambridge, 1999. [37] L. R. Welch and R. A. Scholtz, “Continued fractions and Berlekamp’s algorithm”, IEEE Trans. Inform. Theory 25, 1979, 19 – 27.

[38] D. Zeilberger, “Proof of the alternating sign matrix conjecture”, The Electronic Journal of Combinatorics 3, 1996 #R13, also in: The Foata Festschrift, ed. J. Désarmémien, A. Kerber, and V. Strehl, 289 – 273, Gap, France.

[39] D. Zeilberger, “Proof of the refined alternating sign matrix conjecture”, New York Journal of Mathematics 2, 59 – 68, 1996.

[40] D. Zeilberger, “Dodgson’s determinant–evaluation rule proved by TWO–TIMING MEN and WOMEN”, The Electronic Journal of Combinatorics 4 (2), 1997, #R22.