An Involution for the Gauss Identity
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Abstract. We obtain an involution for a classical identity of Guass on the
alternating sum of the Gauss coefficients. It turns out that the refinement of
our involution with restrictions on the heights of Ferrers diagrams leads to
a generalization of the Gauss identity. Finally, we further extend the Gauss
identity in which —1 is replaced by any root of unity.
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1. Introduction

We follow the standard notation on g¢-series [1, 2]. The g¢-shifted factorials
(a; q), are defined by

wa =1 v
1q)n = (1-a)(1—aq)---(1—ag"™"), n=1,2,....

The g-binomial coefficients, or the Gauss coefficients, are given by

m . {ZL:(CJ;Q§ZEE;);)n—k'

Note that the parameter ¢ is often omitted in the notation of Gauss coef-
ficients when no confusion arises. The following classical identity is due to
Gauss:




Theorem 1.1 (Gauss) We have

“ om0, if m is odd,
SN _{<1—q><1—q3>---<1—qm1>, =

if m is even.

There have been several proofs of this identity [1, 2]. Goldman and Rota [3]
find a proof by using a linear operator. Kupershmidt [4] obtains a general-
ization of the Gauss identity with an additional variable x. In fact, Gauss’
identity is a by-product of results of Littlewood [6] on the evaluation of sym-
metric functions at roots of unity, and plethysm with power sums (cf. [5]). In
this paper, we obtain a combinatorial proof of this identity in terms of pairs
of Ferrers diagrams. Based on our involution, we also obtain a generalization
of the Gauss identity with an additional parameter n (Theorem 2.2) through
a refinement on the heights of the Ferrers diagrams. It turns out that this
generalization follows from a further extension of the Gauss identity in which
—1 is replaced by any root of unity (Theorem 3.3) .

2. An Involution for the Gauss Identity

Our combinatorial setting for the proof of the Gauss identity is based on the
following equivalent form:

m—r 0, if m is odd,

= m 2.1
ﬁ, if m is even. (2.1)
q7;47 )m/2

T

Z(_1>r q q

p— (@G0 (6 Dmer

We proceed to describe our involution for the above identity. First, let us
recall the standard notation on partitions as in [7]. The set of nonnegative
integers is denoted by N. A partition A is a sequence of nonnegative integers

(A1, Agy ooy Ay et ) (2.2)
in decreasing order A\ > Ay > - -+ with only a finite number of nonzero terms.
If \; =0 for all i > n, we also write A in the finite form (Ay,...,\,). In

particular, the partition (0,0,...) is denoted by 0. The nonzero entries \; in
(2.2) are called the parts of A\. The number of parts and the sum of parts are
called the length and the weight of A\, denoted by £(\) and ||, respectively.
We also use the exponential notation A = 1712™2...¢"" ... to denote the
partition with exactly m; parts equal to %.

Let A= (A1, oy Aiy o)y o= (1, - -+, lg, - - .) be two partitions. We define
the addition of A and p to be the partition A+ = (Ay + f1, -y A+ g, - - ).
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The subtraction of two partitions A — p is defined similarly if the resulting
sequence is a partition. The Ferrers diagram of a partition (Ay, Aa,...) of n is
a left-justified array of squares (also called cells) with \; squares in the i-th
TOW.

Henceforth, fix a nonnegative integer m. Suppose that » € N is such that
r < m. Let P, be the set of partitions A with maximal part r. We define the
two sets W, and W as follows:

m

Wr = {()\7M7T) TN E PT?:U € mer}a W= U Wr.

r=0

It is easy to see that [1]

n_ 4
2 (@),

AEP,

Thus the left hand side of (2.1) can be expressed as

i(_l)r (un) G

r=0 )\GPT MGPm—r

_ zm:(_l)r §o o ghie
(

1) gHA, (2.3)

(A psm) EWy
= >

(A sr)ew

For (A, p;r) € W, let s = ¢(\) and t = {(u). We first define an involution
o: W - W. Then we show that this involution consists of two parts,
one that is sign reversing, the other the identity map. Therefore, the Gauss

identity follows from the cancellation in the expansion of the left hand side
of (2.1).

Construction of the involution . An involution o: W —— W is con-
structed in accordance with the following subcases for the lengths s and t:

Case 1: s<t

Let
N=XA+1" ¢/ =p—1" and v =7r + 1.

Clearly, N € P, and u' € P,,_,.. Since t > 0, r must be less than m and
(N, p;r") € W (The Ferrers diagrams are shown in Figure 1).

Case 2: s>t

Subcase 2.1: There exists at least one odd number among A\, i1, ..., As.



PSfrag replacements

Figure 1: Case £(\) < (u).

Suppose A, is odd, while Ap41,..., As are all even. Let
N=A=1" y/=p+1° and ' =r — 1.

Since A, > 0, we have r = A\; > 0. Therefore, (XN, p/;7") € W (see Figure 2).
PSfrag replacements

Figure 2: Case )\, is odd.

Subcase 2.2: A\, q,...,\s are all even, and ¢ > 0.

If )\ is odd, similar to the above subcase, we define
N=X—=1" ' =p+1" and 7 =r — 1.

Hence, (XN, p/;7") € W (see Figure 3).
PSfrag replacements

_I_l_l

A AL A
il
)\
Hl B C

Figure 3: Case \; is odd.

If )\; is even, similar to Case 1, we define
N=A+1" /' =p — 1" and v’ =r + 1.

Then, (X, p/;7") € W (see Figure 4).
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Figure 4: Case \; is even.

Subcase 2.3: A\, ..., )\, are all even, and ¢t = 0.

Since t = 0, the partition u is the zero partition, whose maximal part is
regarded as 0. From the definition of W, we have m — r = 0. For this case,
we define the image of (A, 0;m) to be itself.

It is easy to verify that o2 is the identity map on W:

e In Case 1, we have (X)) =t > £(y/) and X, = 1. Hence o(N, ;1) =
(>\/ - 1t7// + 1t7 r— 1) = (/\7/1’7 7’)-

e In Subcase 2.1, there are two possibilities. (1) ¢(N) > p = {(y') > 0
and X, are all even for ¢ > p. In this case, o(N,pu/;r") = (N + 17,4/ —
175" +1) = (A, ;7). (2) 6(N) <p=4L(n). We also have (X, ;") =
(N +1P 0 — 170"+ 1) = (A, ;7).

e In Subcase 2.2, there are also two possibilities. (1) £(X) = £(\). It is
clear that U(X,,u ) = (A ;). (2) L(N) < £(N\). Then s = t and
As = 1. Therefore, £(N) < l(p) =t and o(N,p/57") = (N + 18,4/ —

1r +1) = (A ;)
e In Subcase 2.3, o is the identity map.

Therefore, o2 is the identity map on W.

Combinatorial Proof of the Gauss identity. In the above construction of the
involution o, it is clear that |X'| + || = |A\| + |u|. Furthermore, except for
Subcase 2.3, we have |r — 7’| = 1, in other words, o is sign-reversing, which
implies that (—1)" ¢+l 4 (—1)rgM+Hl = 0. Tt follows that

Z (—1)"gMFml = Z (=1)7 gl = Z (—1)"gM. (2.4)

(A pr)eW (A, 5 7) being (A, 0;m)ew
fixed point of o A; all even

Since (A, 0;m) € W implies that m = Ay, (2.4) reduces to

0, if m is odd,
Z (_1)7‘ql>\\+\u\ — ¢

o)W (@% @) my2’

5

if m is even.



This completes the proof of (2.1). ]

The above involution, in fact, leads to stronger result which is a general-
ization of the Gauss identity with an additional parameter n.

Theorem 2.1 Let n € N. Then we have
0, if m s odd,

i(—l)T [nZT] {n+r:—r] _ [n+ . 25)

r=0 , if m s even.
q2

Proof. Note that the above involution ¢ preserves the maximum value of the
lengths of A and p. Therefore, this involution can be restricted to partitions
with length not greater than n + 1, and the arguments can be effected as
before. Let P, , be the set of partitions with maximal component r and
length not greater than n+1. Note that the generating function of partitions
in P,, is (see [8, Proposition 1.3.19])

> =g {n Z T] . (2.6)

AEPn,»

Thus we obtain (2.1). ]

The identity (1.1) is the limiting case of (2.5) by taking n — co. We now
reformulate Theorem 2.1 into a symmetric form:

Theorem 2.2 We have

" @ dh (@ 0, if m s odd,

a;q)r \Q;q)m—r
P R ST 27)
o (4 O)r (G Dm—r w, if m is even.

Proof. We can rewrite the identity (2.5) as

" 0, if m is odd,
Z(_l)r ((q ‘7 (]))r ((q ‘7 (]))m—r _ (q2n, q2> . (28)
r=0 G G Dm—r M2 m2 i m s even.
(4554 )2
Setting a = ¢", by the continuation argument we obtain (2.5). 1

Note that the case of a = 0 in (2.7) specializes to the Gauss identity and
the case a = oo reduces to the Gauss identity with parameter ¢ replaced by

gt



3. Generalization to a p-th root of unity

In this section, we consider a further extension of the Gauss identity to the p-
th root of the unit. This generalization reduces to Theorem 2.1 or (2.8) when
p = 2. We first give a bijective proof of this extension that is a refinement of
the involution in the previous section. For completeness, we also present an
algebraic proof.

2mi

Theorem 3.1 Let ( =e » be the p-th root of unity. Then we have
Z Cr1+2r2+~--+prp {n + Tl} {n + T2} L. {n + Tp}
T = n n n

0, ifptm,

3.1
} , ifp|m. .

Proof. Let P, , be the set of partitions with maximal part r and length not
greater than n 4 1. Define the set W as

W= {(\Y N, rp) i+, =moand A € Py )
and define the weight of x = (A',... \;ry,...,r,) € W as
— CT1+2T2+~~-+prpq|>\1\+~~-+|>\p|_

w(z)

It follows from the generating function (2.6) that (3.1) is equivalent to the
following relation:

0, if pfm,
D w(z) = S M, it |m.

AEPn,m/p

Let @ (0 < @ < p) denote the remainder of a modulo p. Define

Wh = {()\1,...,)\p;7’1,...,7’p) € WmI
h is the smallest integer such that A_,lc: MN=...= Xp=0, Yk > h},

and

Whe i ={(\ . A7y, 1) € W,
s is the smallest integer such that A_,ll A+ A > p— s+ 1),
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where A’ denote the j-th part of the partition A’. Noting that A< p,
W1 = 0 for any h > 0, we have

n+1 n+l p
w = w =l (UUWh,s>,
h=0 h=1 s=2

where | J denotes the disjoint union.
We now focus on W, ; with h > 0and s > 2. Forxz = (A!, ..., N;rq,...,1p) €
Wh,sa let
doi=(p—s+1) = (N + A+ + X7,
L= (LA, 7 dy).
From the definition of W}, 5, we have
MAX 4 tcp—(s—D+1=p—s+2
which implies I, € N°. Moreover, the following relation holds:
ANo—de= AL+ X4 X)) —(p—s+1)>0.
Next, for each I = (iy,...,is) € N° with |I| =41 +---+i5=p—s+1, define
Wh,&] = {x S Wh,si [x = [}

Since [, is uniquely determined by x, we find that W), s is the disjoint union
of Wh@ I-

Wis= | Wiar
I1eN?
|I|=p—s+1

For I = (i1,...,is),J = (J1,...,Js) € N* with |I| = |J| = p — s+ 1, there is
a bijection o ; from W, 1 to W, s ;s defined by

org: Wher — Whsy
€T > y’

where
. ./ /
pee (T ),

k {/\k — ()" + ()", 1<k <5,
TE

s<k<p,
, Tk — ik + Jk, if 1 <k<s,
T =
F Tk, s<k<np.



We can show that o ; is well defined, that is, y € W} 5 ;. Since I, = I,
we have

MM =i M=jfork=2,...,5—1, X >d, =i,

Since AL = A2 = ... = ¥ = 0 for k > h, the \¥ — (ix)" is well defined,
as well as u* = A\ — (ix)" + (ji)". Furthermore, the maximal part of u* is
T — i + jr = 15 Therefore, y € W. It is easy to see that

(,U/_}llv Ni%a <o 7“2) = (jh <o 7]'5717 (AZ - ds) +]$> (32>

Since J # 0, (u_}l, pa, .o ps) # 0, it follows that y € Wj. Noting that
ph+pd 4t < |J<p—t+1lfort<sand pl+pd A+ +p =
A X2 4 4 X >p—s+1, we have y € W,,,. Moreover, from (3.2) and
|I,| = |J| = p—s+1, it follows that [, = J, that is, y € W), ;. Thus, we
have shown that o; ; is a well defined map from W, 5 to Wp, 5 ;.

It is a routine to verify that o7 joo0;; and 07007 ; are the identity maps
on W, s and W, 5 5, respectively. Then it follows that o7 ; is a bijection
from W}, 51 to Wi, s 7. Moreover, we have that

w(ory(z)) = w(y)
Cr’1+2r§+---+pr;,q\u1|+---+|M’|
- €r1+2r2+--~+prpC—(i1+2z‘2+--~+sz‘s)Cj1+2j2+~~-+sjsq\A1|+-~~+|AP|

— C*(i1+2i2+---+sis)w(x)gj1+2j2+"-+8js )

Denote Iy = (p—s+1,0,...,0) € N°. Using the bijection oy, s, we obtain
the following sequence of identities:

dow) = Y Y w)

€W s JENS? z€Wh 5,7
|J|=p—s+1

= Y Y wlogu(x)

JEN? LITEWhYs,]O
|J|=p—s+1

— Z Z g“(p‘s“)w(x)§71+2j2+”'+5j8

JEN? JZEW}L’S’]O

|J|=p—s+1
— Z ¢ty () Z (2t s
IEWh,s,IO JeEN?

| J|=p—s+1



The second summation can be computed as follows:

§ tj1+2j2+--'+5js _ E t\>\|

J6N57|J|:P—S+1 A=1912742...40s
Jit-+js=p—s+l

Y

L(A)=p—s+1
each part < s

_ 3 N

£(N)<s
maximal part is p — s+ 1

- Y M

AEPs—1,p—s+1
_ tp—s—i—l (t7 t)p )
(t; t)sfl(t; t)pferl
Since 1 — (P =0and 1 —(*#A0for k=1,...,p— 1, we obtain

Y orte o, vasos

JEeN?®
[J|=p—s+1

which implies that ) .y w(z) vanishes for all h > 0 and 2 < s < p.
Therefore, ’

By definition,
Wo={(N0,...,0;A1,0,...,0) e W: Ay =mand p |\ Vi>1}.

If p+ m, Wy is the empty set. Otherwise, there is a bijection between W)
and P, obtained by dividing each part of A by p. Hence,

0, if ptm,
Z w(z) = Z #Nifp | m.
z€Wo )\G'Pn’m/p
This completes the combinatorial proof. 1

Setting n — oo, we obtain a further generalization of the Gauss identity.

Corollary 3.2 Let ( = e be the p-th root of unity. Then we have
0, if ptm,
r1+2r2+-+prp m _ .
Z C |]"1,...,ij| o H (1_qk)7 pr|m7

rit--+rp=m 1<k<m

pik
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where
(¢ Dm

L”h m ,rj T (@G Dn (G,

1 a q-multinomial coefficient.

As a further generalization of Theorem 2.2, we have

27i

Theorem 3.3 Let ( = e » be the p-th root of unity. Then we have

, 0, if ptm,
T T W
(G D)rn  (g0)- " @ )mpp
ri+-+rp=m » y 1 m.
1 P (¢ qp)m/p fpl

To conclude this paper, we present an algebraic proof of Theorem 3.3
from the Cauchy identity (g-binomial theorem):

[e.o]

— (a;9)r » 17 (1 —atq")
; @, H) (1—tq")

Algebraic Proof of Theorem 3.3. Let ( = e’ be the p-th root of unity. From
the Cauchy identity it follows that
ﬁ (1 —atq") ﬁ (1 - actq") ﬁ (1—a¢"'tg")

S (I=tg) 24 (L—=Ctg) 4 (L—=¢Pig)

ST VI el

) (GO,

m=0 ri+-t+rp=m
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On the other hand, from the relation 1 —2? = (1 —z)(1 —Cz)--- (1 —(*"ta)
and the Cauchy identity, we obtain

7 (L—atg) v (L—actq’) (1 —al?'tg)
1 (1 —tq") 11) (1 —tq) 11 (1 —¢r'tq)

o0

= H (1—atq")(1 —Catq")--- (1 — P Latq)
=0 (1 —tq") (1 —Ctq)--- (1 — (P~1tqn)

_ T lo ety

— H 1 _ (tqr)p

r=0

r=0

1y
5=y

o @) s
= 2 (q%; ¥)» (t)"

r=0

Comparing the coefficients of ™, we arrive at Theorem 3.3. 1
More generally, Littlewood [6] obtained the image of any Schur function
under the morphism
P Pk, if p divides k,
Pr —

0, otherwise,

where p1,pa, ..., Pk, ... are the power sums.

The case treated in Theorem 3.3 corresponds to the specialization of a
complete function under

{p (1—a")(1—¢"t,  if p divides k,
Pr —

0, otherwise.
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